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Abstract
For enzymatic hydrolysis, a mechanistic model on enzymatic hydrolysis of pure
cellulosic substrates was improved to consider oligomer reactions with beta-glucanases,
inhibition of oligomers to cellulases and enzyme decay. Then a novel and general modeling
framework was developed for enzymatic hydrolysis of hemicellulose-cellulosic substrates.
This mechanistic model, for the first time, took into consideration explicitly the time
evolution of morphologies of intertwining cellulose and hemicelluloses. This novel
mechanistic model was applied to optimize the composition of enzyme mixtures for
substrate conversion and monosaccharides yield during simultaneous enzymatic hydrolysis
of different lignocellulosic substrates. For anaerobic digestion, the original "Anaerobic
Digestion Model No.1" (ADM1) developed by the International Water Association (IWA)
task group was modified by improving the bio-chemical framework and integrating a more
detailed physico-chemical framework. The modified ADM1 was used to investigate the
effects of metal ions and other inorganic components on anaerobic digestion in batch
reactor.

xxi

Chapter 1 Introduction and Research Objectives

1

Biofuel is the fuel derived from biological materials. It is renewable and sustainable and
can reduce our high reliance on fossil fuels and thus the greenhouse gas emission. Biofuels
includes a wide range of types such as biogas, bioethanol and biodiesel, which can be
produced through thermochemical and biochemical conversion processes. Biomass
materials have been considered as the major sources for biofuel production. The basic
categories of biomass materials include lignocellulosic biomass, food and industrial
wastes. Lignocellulosic biomass refers to the plant materials such as wood, grass,
agriculture residues and energy crops, which are abundant and sustainable feedstocks for
biofuel production. The main components of lignocellulosic biomass include cellulose,
hemicelluloses and lignin.
The biochemical conversion process of lignocellulosic biomass mainly contains three
steps, which are pretreatment, hydrolysis and fermentation. The goal of the pretreatment
step is to break down lignin and increase the enzyme accessibility of cellulose and
hemicelluloses. In the hydrolysis step, pretreated substrates are catalyzed by enzymes and
converted into soluble sugars, which is also the critical step of converting lignocellulosic
biomass into biofuels. In the fermentation step, microorganisms finally convert soluble
sugars into biofuels such as bioethanol. Besides lignocellulosic biomass, food and
industrial wastes are other important sources for biofuel production. They can be used to
produce biogas through anaerobic digestion by microbes. There are five major biochemical
processes involved in anaerobic digestion, which are disintegration, hydrolysis,
acidogenesis, acetogenesis and methanogenesis. In the disintegration process, solid wastes
are disintegrated into carbohydrates, proteins, fats and inerts. In the hydrolysis process,
carbohydrates, proteins and fats are hydrolyzed into monosaccharides, amino acids and
2

long chain fatty acids. These two processes occur outside the microbes and are catalyzed
by extracellular enzymes. In the next acidogenesis and acetogenesis processes, the
chemicals from the hydrolysis process are converted into acetates, hydrogen and carbon
dioxides, which are finally converted into biogas in the final methanogenesis process.
These processes occur inside the microbes and are catalyzed by intracellular enzymes. In
addition, many other physico-chemical processes simultaneously occur with biochemical
processes. These process are not directly mediated by microbes, such as liquid-gas transfer,
ion association and dissociation and precipitation, but can affect the bio-chemical processes
of anaerobic digestion.
Both enzymatic hydrolysis and anaerobic digestion are important biochemical processes
for biofuel production. The main research objective of the dissertation is to better
understand and optimize these two processes based on mechanistic models. In chapter two,
an improved mechanistic model for enzymatic hydrolysis of pure cellulosic substrates is
developed which considers oligomer reactions with beta-glucanases, inhibition of
oligomers to cellulases and enzyme decay. In chapter three, a novel and general modeling
framework is developed for enzymatic hydrolysis of cellulose and hemicellulose
simultaneously. This mechanistic model, for the first time, takes into consideration
explicitly the time evolution of morphologies of intertwining cellulose. In chapter four, the
novel mechanistic model is applied to optimize the composition of enzyme mixtures for
substrate conversion and monosaccharides yield during simultaneous enzymatic hydrolysis
of different lignocellulosic substrates. In chapter five, the original "Anaerobic Digestion
Model No.1" (ADM1) developed by the International Water Association (IWA) task group
is improved by improving the bio-chemical framework and integrating a more detailed
3

physico-chemical framework. The modified ADM1 is then used to investigate the effects
of metal ions and other inorganic components on anaerobic digestion in batch reactor.

4

Chapter 2 On Improved Mechanistic Modeling for Enzymatic Hydrolysis
of Cellulose1

1

Published in the Journal of Chemical Engineering & Process Technology

This is an open-access article distributed under the terms of the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original author
and source are credited. © 2014 Zhang Y, et al.

5

Abstract
An improved model for enzymatic hydrolysis of cellulose was developed which
considered oligomer reactions with beta-glucanases, inhibition of oligomers to cellulases
and enzyme decay processes during hydrolysis. The oligomer reactions with betaglucanases were modeled based on the enzymatic glucan chain fragmentation kinetics
which described the further fragmentation of oligomers in solution after being solubilized
from the insoluble glucan chains. The inhibition effects on all cellulases by different types
of cello-oligomers were taken into account based on competitive adsorption of cellooligomers to the active site of cellulases, which is a critical factor contributing to the
decrease in the rate of enzymatic hydrolysis of cellulose. As another factor affecting the
kinetics of cellulose hydrolysis process, enzyme decay factor was incorporated into the
model as the typical first order decay process. We considered two different processes for
cellulases losing activity during hydrolysis in order to better understand the impact of
enzyme decay on hydrolysis. Numerical simulation results were presented to investigate
the phenomenon of hydrolysis rate slow-down commonly observed in experiments.
Improvement of the predictive capability of the new model over previous one was
demonstrated by comparing the simulations with experimental data. After considering all
the possible hydrolysis rate slow-down factors, the simulation results could agree with the
experimental data very well, showing that the model is capable to fully capture the rate
decrease of cellulose hydrolysis.

6

2.1 Introduction
The enzymatic hydrolysis of cellulose into soluble and fermentable oligomers (e.g.,
glucose and cellobiose) has been under intensive investigation due to the potential
utilization of lignocellulosic biomass to produce sustainable biofuel and replace the nonrenewable fossil transportation fuel. In order to optimize the design of reactors and the
biofuel production process, it is critical to have a mechanistic model describing the
hydrolysis kinetics of solid cellulosic substrates being solubilized by all kinds of cellulases
in detail. Unlike non-mechanistic and semi-mechanistic models which usually include less
than two substrate and/or enzyme variables and are used to fit experimental data (Zhang
and Lynd, 2004), mechanistic models involve multiple substrate and enzyme variables and
can provide insights on the complex chemical and physical properties of both enzyme and
substrate and all the enzymatic and material transformations occurring during hydrolysis.
Over the past 10 years, many advanced mechanistic models have been developed in full
generality to describe the enzymatic hydrolysis process of cellulose based on more realistic
representations of cellulosic substrate (Griggs et al., 2012a, b; Hosseini and Shah, 2011a,
b; Levine et al., 2010; Levine et al., 2011; Zhang and Lynd, 2006; Zhou et al., 2009b). For
example, Zhou et al. (2009b) developed a detailed mechanistic model for enzymatic
hydrolysis of cellulose considering the substrate morphologies and their coupling with
morphology-depended substrate hydrolysis kinetics. As described in the model, the whole
process of cellulose hydrolysis could be viewed as the process of fragmentation and
solubilization of glucan chains and lead to the evolution of cellulosic substrate morphology,
that is, the organization of glucan chains, which, in turn, significantly influenced the
7

cellulose hydrolysis kinetics. The concept of smallest accessible compartment (SAC) was
first proposed, defined as a minimal volume by external and internal surfaces exposed to
enzyme-accessible hydrated interior voids of the solid cellulosic substrate material, and
used as minimal time-evolving structural unit to keep track of the cellulosic substrate
morphology. In addition, a site representation formalism of enzyme hydrolytic
fragmentation coupled with morphology evolution was also introduced in the model. The
formalism considered all the β-(1, 4)-glycosidic bonds on glucan chains as six types of
bond sites based on their locations and reactions with different kinds of cellulases that
mainly act on the solid substrate. Basically, these cellulases can be categorized into two
broad classes, which are endo-glucanases and exo-glucanases. Endo-glucanases usually
adsorb onto the glucan chains of insoluble part of substrate and randomly cut the internal
β-(1,4)-glycosidic bonds. Unlike endo-glucanases, exo-glucanases only cut the terminal β(1, 4)-glycosidic bonds at the ends of each glucan chain. Since the two ends of each glucan
chain are chemically distinct from each other, exo-glucanase can be divided into two
groups, which are cellobiohydrolase I (CBH I) and cellobiohydrolase II (CBH II). CBH IIs
usually cut the terminal bonds from the non-reducing end of each glucan chain, while CBH
Is cut the terminal bonds from the reducing end of each glucan chain. These cellulases can
be produced in nature by many different cellulolytic fungi species. The most commonly
used species in industry is Trichoderma species, especially Trichoderma reesei (T. reesei).
Thus T. reesei EG1 (Cel7B), T. reesei CBH II (Cel6B) and T. reesei CBH I (Cel7A) are
the three major cellulases that often used in model simulation work to analyze the process
of enzymatic hydrolysis of cellulosic substrate. The site representation formalism was
proposed to not only take into account all kinds of solid-substrate-acting cellulases but also
8

change the view of solid cellulosic substrate from a bundle of glucan chains with different
lengths into a composite of six types of bond sites, so that the total number of ordinary
differential equations (ODEs) can be reduced at magnitude of two orders and solved much
more efficiently.
Almost all of the mechanistic models have recognized that the enzyme accessibility of
substrate, or the enzyme-accessible substrate surface area, is a critical rate-limiting factor
during the process of enzymatic hydrolysis (Levine et al., 2010; Zhang and Lynd, 2006;
Zhou et al., 2009b). In order to increase the kinetics of hydrolysis and obtain more soluble
oligomers, it will be helpful to increase the amount of accessible glucose units (β-(1,4)glycosidic bonds) exposed on substrate surface by pretreatments before hydrolysis
proceeding. However, most of the simulation results from the mechanistic models still
could not agree with the experimental data completely, especially not be capable to capture
the full extent of the hydrolysis rate slow-down, probably due to the reason that these
models did not consider the complex inhibition relationships between substrate and
oligomers except glucose and cellobiose, and possible enzyme decay and inactive
absorption. Some of the models also did not consider the oligomer reactions which happen
in liquid phase with the beta-glucanases. Unlike endo- and exo-glucanases, beta-glucanases
mainly act on soluble cello-oligomers in solution which often contains no more than 7
glucose units. The most commonly used cellulolytic fungi species to created betaglucanases in industry is Aspergillus species, especially Aspergillus niger (A. niger)
because Trichoderma species do not produce significant amount of beta-glucanases
compared to other cellulases. A. niger beta-glucosidase (BG) is the major beta-glucanase
and often used with other cellulases to increase their efficiency during enzymatic
9

hydrolysis of cellulose, because dissolved oligomers could cause strong inhibition effects
by adsorbing the free cellulase molecules. BGs can hydrolyze soluble oligomers into
smaller ones mainly by releasing glucose from them and avoid the strong inhibitions
between cellulases and long-chain oligomers. It is clear that the oligomer reactions with
beta-glucanase will affect hydrolysis kinetics and change inhibition equilibrium. Ignoring
the kinetics slow-down factors will also hinder the precise prediction of final conversion
level of cellulosic substrate after a long time-scale of enzymatic hydrolysis process.
In this study, we improve the model described by (Zhou et al., 2009b) by incorporating
(1) the reactions involving beta-glucanases digesting soluble oligomer sugars in solution,
(2) the comprehensive competitive inhibition effects of oligomers from glucose (G1) to
cellohexaose (G6) on enzymatic hydrolysis, and (3) the enzymatic thermal deactivation
and inactive adsorption. Here, we consider enzymatic thermal deactivation as the process
that the hydrolytic enzymes lose the ability of binding to substrates, and consider enzymatic
inactive adsorption as the process that the hydrolytic enzymes lose the ability to continue
the subsequent catalytic reactions although they are able to bind to substrate. We carry out
numerical analysis to investigate the impacts of aforementioned factors on the kinetics of
enzymatic hydrolysis of cellulose.
2.2 Materials and Methods
2.2.1 Oligomer reactions with beta-glucanases
The basic part of the model we used in this study was from the mechanistic model of
enzymatic hydrolysis of cellulose presented by Zhou et al. (2009b). In their work, the
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concept of smallest accessible compartment (SAC) was first proposed to describe the
geometrical construction of pretreated pure cellulosic substrate material. An SAC unit was
defined as a minimal volume that is delimited by external surfaces and by internal surfaces
at the internal surfaces of the voids exposed to all kinds of cellulases. SACs initially had a
random distribution of sizes, and to represent the distribution, the parameter of SAC
geometry class was used and labeled by "σ" with σ=1, 2... MMD where MMD was the
population size of SAC geometry classes. During the process of enzymatic hydrolysis, the
size of each SAC would shrink due to the enzymatic ablation of glucose units from the
SAC surfaces. And glucose units which were originally blocked would gradually become
exposed on the SAC surfaces. In addition, Zhou et al. (2009b) proposed in their work an
innovative surface site concentration formalism which treated each SAC as a composite of
six different types of β-(1,4)-glycosidic bond sites. These site types were labeled by index
"μ" and referred to as N-, O-, X-, Y-, L-, and R-sites. N-site bonds could only adsorb, and
only be cut by endo-glucanases. O-site bonds could not adsorb any enzyme molecule due
to the obstruction. X-site bonds could adsorb and be cut by either endo-glucanases or
cellobiohydrolase IIs, which were located a distance of 𝑘𝑘𝑋𝑋 glucose units from the non-

reducing ends of glucan chains. Y-site bonds could adsorb and be cut by either endoglucanases or cellobiohydrolase Is, which were located a distance of 𝑘𝑘𝑌𝑌 glucose units from

the reducing ends of glucan chains. L- and R-site bonds represented the non-reducing and
reducing ends of glucan chains respectively. They were both broken bonds and could not
adsorb any enzyme molecule. Then the production rate of glucose units dissolved from
glucan chains of class-σ SACs was given by
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𝑙𝑙 −1

𝑆𝑆
𝑥𝑥̇𝑆𝑆,𝜎𝜎 = ∑𝑙𝑙=1
𝑙𝑙 ∙ 𝑅𝑅𝑆𝑆,𝜎𝜎 (𝑙𝑙)

(1)

where 𝑅𝑅𝑆𝑆,𝜎𝜎 (𝑙𝑙) is the production rate of oligomers containing 𝑙𝑙 glucose units (1 ≤ 𝑙𝑙 < 𝑙𝑙𝑆𝑆 =

7) dissolved from insoluble glucan chains exposed on class-σ SAC surface caused by the
enzymatic cuts on β-(1,4)-glycosidic bonds. 𝑙𝑙𝑆𝑆 is the minimal length of insoluble glucan

chains, which could be varied into any length if needed. In the mode, we considered
cellohexaose (G6) as the longest cello-oligomer in solution based on the typical industrial

applications.
We improved the mechanistic model to not only consider the processes that endo- or
exo-glucanases cut the β-(1,4)-glycosidic bonds of insoluble glucan chains to produce
oligomers, but also consider explicitly the reactions of oligomers after being released from
solid substrates that involve beta-glucanases in solution. The production rates of soluble
oligomers in solution are given by
𝑥𝑥̇ 𝑆𝑆 (𝑙𝑙) = ∑𝜎𝜎 𝑅𝑅𝑆𝑆,𝜎𝜎 (𝑙𝑙) + 𝑅𝑅𝑆𝑆 (𝑙𝑙)

(2)

where 𝑅𝑅𝑆𝑆 (𝑙𝑙) is the production rate of the oligomers containing 𝑙𝑙 monomer units after being
dissolved from glucan chains, which describes the reactions between oligomers and betaglucanases. 𝑅𝑅𝑆𝑆 (𝑙𝑙) did not exist in the model of Zhou et al. (2009b) where all the oligomers

kept increasing in solution by being hydrolyzed from solid substrate.

Based on the study of sub-site structure of A. niger beta-glucosidase (Yazaki et al.,
1997), the reaction mechanism between oligomers and beta-glucanases in solution can be
considered as: an oligomer which contains 𝑙𝑙 − 1 glucose units can adsorb and be
12

hydrolyzed by an beta-glucanase molecule into a glucose unit and an oligomer containing
𝑙𝑙 − 1 glucose unit(s). So the expression of 𝑅𝑅𝑆𝑆 (𝑙𝑙) can be written as
𝑙𝑙𝑆𝑆 −1
⎧𝛾𝛾𝜅𝜅 (2) ∙ 𝑧𝑧𝜅𝜅 (2) + ∑2 𝛾𝛾𝜅𝜅 (𝑙𝑙) ∙ 𝑧𝑧𝜅𝜅 (𝑙𝑙),
⎪
𝑅𝑅𝑆𝑆 (𝑙𝑙) = −𝛾𝛾𝜅𝜅 (𝑙𝑙) ∙ 𝑧𝑧𝜅𝜅 (𝑙𝑙) + 𝛾𝛾𝜅𝜅 (𝑙𝑙 + 1) ∙ 𝑧𝑧𝜅𝜅 (𝑙𝑙 + 1),
⎨
⎪
⎩ −𝛾𝛾𝜅𝜅 (𝑙𝑙) ∙ 𝑧𝑧𝜅𝜅 (𝑙𝑙),

𝑙𝑙 = 1

2 ≤ 𝑙𝑙 ≤ 𝑙𝑙𝑆𝑆 − 2

(3)

𝑙𝑙 = 𝑙𝑙𝑆𝑆 − 1

where 𝛾𝛾𝜅𝜅 (𝑙𝑙) is the oligomer cutting rate coefficient, 𝑧𝑧𝜅𝜅 (𝑙𝑙) is the concentration of (𝜅𝜅, 𝑙𝑙)

enzyme-oligomer (EO) complexes where the oligomers contain 𝑙𝑙 glucose units adsorb the
type-κ beta-glucosidase enzyme molecules. The expression of EO complexes 𝑧𝑧𝜅𝜅 (𝑙𝑙) can be

written, based on the enzyme adsorption equilibrium, as
𝑧𝑧𝜅𝜅 (𝑙𝑙) = 𝐼𝐼𝜅𝜅 (𝑙𝑙) ∙ 𝑣𝑣𝜅𝜅 ∙ 𝑦𝑦𝑆𝑆 (𝑙𝑙)

(4)

with 1 ≤ 𝑙𝑙 < 𝑙𝑙𝑆𝑆 = 7 . Here, 𝐼𝐼𝜅𝜅 (𝑙𝑙) is the oligomer adsorption coefficient; 𝑦𝑦𝑆𝑆 (𝑙𝑙) is the
concentration of free oligomers containing 𝑙𝑙 glucose units dissolved from glucan chains,
and 𝑣𝑣𝜅𝜅 is the concentrations of type-κ free enzyme molecules in solution which could be

any type of cellulases.

2.2.2 Inhibition effects
Cellulase inhibition describes the process that inhibitors limit the activity of cellulase
molecules. Based on the impacts on cellulase, cellulase inhibitors can be classified into
reversible and irreversible inhibitors in which the oligomer products of cellulose hydrolysis
(e.g. glucose and cellobiose) are reversible inhibitors (Sharma, 2012). Reversible inhibitors
can be classified into three types, which are competitive, uncompetitive and mix (or non13

competitive) inhibitors. Most of the inhibition processes between the cello-oligomer
inhibitors and cellulases are competitive inhibitions (Sharma, 2012) where inhibitors can
only bind free cellulase molecules in solution, which can also be described by adsorption
Equation (4), where 𝑣𝑣𝜅𝜅 is now the concentration of type-κ cellulase (both endo- and exo-

glucanases) free enzyme molecules in solution, and 𝐼𝐼𝜅𝜅 (𝑙𝑙) is the oligomer adsorption

coefficient specifically for different cellulases.

If the EO complexes are formed by oligomers and endo- (or exo-) glucanases by
oligomers binding onto active sites of binding domain of cellulases, and since we assume
that catalytic domain cannot act on soluble oligomers, their corresponding values of 𝛾𝛾𝜅𝜅 (𝑙𝑙),

oligomer cutting rate coefficient, will be 0. Similarly, we could consider the inhibition of
glucose (G1) to the beta-glucanases hydrolysis, where glucose binds onto the active site of
beta-glucanase and no further catalytic action can be taken. Thus for beta-glucanases, if
they are adsorbed by glucose units, 𝛾𝛾𝜅𝜅 (𝑙𝑙) will also be 0 in that glucose units are the finial

products of oligomer reactions and cannot be further dissolved. In Equation (4), 𝑣𝑣𝜅𝜅 and

𝑦𝑦𝑆𝑆 (𝑙𝑙) are related to their corresponding total concentrations 𝑢𝑢𝜅𝜅 and 𝑥𝑥𝑆𝑆 (𝑙𝑙) . The

relationships are written as

𝑢𝑢𝜅𝜅 = 𝑣𝑣𝜅𝜅 + ∑𝜇𝜇,𝜎𝜎 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜎𝜎 + ∑𝑙𝑙 𝑧𝑧𝜅𝜅 (𝑙𝑙)

(5)

𝑥𝑥𝑆𝑆 (𝑙𝑙) = 𝑦𝑦𝑆𝑆 (𝑙𝑙) + ∑𝜅𝜅 𝑧𝑧𝜅𝜅 (𝑙𝑙)

(6)

𝑧𝑧𝜅𝜅,𝜇𝜇,𝜎𝜎 is the concentration of enzyme-substrate complexes formed by type-μ bond sites and

type-κ enzyme molecules on class-σ SAC surfaces. Equations (5) and (6) can be used to
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find the expressions of 𝑣𝑣𝜅𝜅 and 𝑦𝑦𝑆𝑆 (𝑙𝑙) as functions of 𝑢𝑢𝜅𝜅 and 𝑥𝑥𝑆𝑆 (𝑙𝑙) respectively, which are
written as
𝑣𝑣𝜅𝜅 = 1+∑

𝑢𝑢𝜅𝜅

(7)

𝜇𝜇,𝜎𝜎 𝐿𝐿𝜅𝜅,𝜇𝜇 ∙𝑦𝑦𝜇𝜇,𝜎𝜎 +∑𝑙𝑙 𝐼𝐼𝜅𝜅 (𝑙𝑙)∙𝑦𝑦𝑆𝑆 (𝑙𝑙)

𝑦𝑦𝑆𝑆 (𝑙𝑙) =

𝑥𝑥𝑆𝑆 (𝑙𝑙)
1+∑𝜅𝜅 𝐼𝐼𝜅𝜅 (𝑙𝑙)∙𝑣𝑣𝜅𝜅

(8)

where 𝑦𝑦𝜇𝜇,𝜎𝜎 is the concentration of free type-μ sites on glucan chains exposed on class-σ

SAC surfaces, 𝐿𝐿𝜅𝜅,𝜇𝜇 is the adsorption coefficient between type-κ cellulase molecules and

type-μ sites on glucan chains. Then the more detailed expressions of 𝑅𝑅𝑆𝑆 (𝑙𝑙) can be obtained

by combining Equations (3), (4), (7) and (8).

2.2.3 Enzymatic thermal deactivation and inactive adsorption
Many experiments illustrated that even after alleviating the inhibition effects mostly,
the rate of enzymatic hydrolysis of cellulose still decreases during hydrolysis, meaning that
inhibition effect is not the only rate-limiting factor (Bansal et al., 2009; Levine et al., 2010).
Many studies considered the process of cellulases losing activities as a contributing factor
to the hydrolysis rate slow-down, which was called enzyme decay process and often
modeled as a first order process (Bansal et al., 2009; Levine et al., 2010). Enzyme decay
process naturally happen to all hydrolytic enzymes based on experimental observations
(Hong et al., 2007; Yang et al., 2006). In principle, the enzyme decay will make the
enzymes lose their hydrolytic capability through two possible meanings according to the
specific structure of enzymes. Most of the hydrolytic enzymes contain a carbohydrate
binding domain and a catalytic domain. Typically, these two domains are away from each
15

other and connected by a long segment of linker sequence. Some enzymes, however, only
contain a catalytic core domain, such as T. reesei EG III (Cel12A), which bind to substrate
through the substrate-binding sites in the catalytic core domain. So if the carbohydrate
binding domains or the substrate-binding sites are deactivated, hydrolytic enzymes will
lose the capability of binding to the cellulosic substrate chain sites. On the other hand, if
the catalytic domain is deactivated, hydrolytic enzymes are still able to bind to substrate
chain sites, but will not carry out the subsequent catalytic reactions.
We incorporated into the model these two different mechanisms, which are referred to
as the model the enzymatic thermal deactivation and the enzymatic inactive adsorption,
respectively. We defined the enzymatic thermal deactivation in the model as the process
that the binding domains or sites of cellulase molecules kept losing the ability to adsorb on
glucan chains during hydrolysis. By contrast, we defined enzymatic inactive adsorption in
the model as the process that the catalytic domains of all cellulases kept losing the reactivity
to cut glucan chains after adsorbing on the substrate. For a single cellulase molecule, the
binding and catalyzing abilities could keep losing simultaneously. The decay processes of
cellulase may be caused by the affection of temperature during hydrolysis, since each type
of enzymes has its own optimal temperature to work efficiently for certain period of time.
The enzyme decay factor 𝐷𝐷𝜅𝜅 is set to 𝐷𝐷𝜅𝜅 = (0.5)𝑡𝑡/𝑇𝑇1/2,𝛫𝛫 in the model for type-κ enzyme

molecules where 𝑇𝑇1/2,𝛫𝛫 is the half-life for type-κ enzyme molecules, which represent the

time for an enzyme lost half of its enzymatic activity. We apply the decay factor 𝐷𝐷𝜅𝜅 to

parameters 𝑢𝑢𝜅𝜅 and 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜎𝜎 to represent the processes of enzymatic thermal deactivation and
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enzymatic inactive adsorption respectively and test the impact range of enzyme decay on
the cellulose hydrolysis kinetics.
2.2.4 Model parameters
The specific activity and adsorption equilibrium coefficients of Endo-glucanase (EG1)
and Exo-glucanases including Cellobiohydrolase I and II (CBH I and II) are from the work
by (Zhang and Lynd, 2006). For beta-glucanase (BG), the values of adsorption and kinetics
parameters describing the reactions with oligomers are from the literature (Chauve et al.,
2010; Yazaki et al., 1997). In the model, the values κ=1, 2, 3 and 4 represent EG1, CBH
II, CBH I and BG. The mass ratio of EG1:CBHI:CBHII in the commercial enzyme
Spezyme CP was 0.17:0.24:0.13 (Nagendran et al., 2009). The values of inhibition
parameters are from various literature sources (Levine et al., 2010; Lo Leggio and
Pickersgill, 1999; Tolan and Foody, 1999) due to the fact that we considered several
different inhibition effects involving 4 different types of cellulases (EG1, CBHI, CBHII
and BG) and 6 types of oligomers from glucose (G1) to cellohexaose (G6). The half-life
of all kinds of cellulases was set to 42.5h as reported in the work of Drissen et al. (2007).
The substrate and enzyme loadings were set based on the experimental data (Hong et al.,
2007; Yang et al., 2006).
2.3 Results and Discussion
2.3.1 Testing cellulosic substrate accessibility
In this section, we investigate the effect of enzymatic accessibility of cellulosic
substrates. In the work of Zhou et al. (2009a), the initial value of 𝐹𝐹𝐴𝐴 for Avicel, that is, the
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ratio of enzyme-accessible glucose units to the total number of glucose units in Avicel was
set to 0.00620, which was originally described in the work of Zhang and Lynd (2004). Not
until recently, Hong et al. (2007) determined that the value of 𝐹𝐹𝐴𝐴 for Avicel should be

0.00232 from the experiments testing the adsorption of fluorescent cellulase-like molecules

on the substrate surface. We test some new values of 𝐹𝐹𝐴𝐴 and compare the new simulation

results with the original ones from the work of Zhou et al. (2010). The experimental data

(Hong et al., 2007; Yang et al., 2006) was used in the work of Zhou et al. (2010) to compare
their simulation results, and will be adopted in this work.
Figure 2.1 clearly shows that increasing the enzymatic accessibility for substrate prior
to hydrolysis could allow more enzyme molecules attack the bonds on glucan chains and
thus increase the hydrolysis rate and finial conversion level of substrate. Substrate
accessibility in hydrolysis is believed to govern the entire hydrolysis process and act as a
critical rate-affecting factor during hydrolysis. The previous initial value 0.00620 for 𝐹𝐹𝐴𝐴

was obtained based on the nitrogen BET measurements. In the process of such adsorptionbased measurements, nitrogen was usually used to test the initial accessible surface area of
substrate. However, since nitrogen molecules are much smaller than enzyme molecules,
and the substrate need to be in dry conditions, the value is probably overestimated and thus
not accurate. Hong et al. (2007) determined the accessible surface area of cellulosic
substrate by testing the adsorption of molecules containing fluorescent proteins and
cellulose-binding modules (CBMs), which had similar size as cellulases could be

quantitatively tested. However, the value 0.00232 may be underestimated due to the fact
that only one type of cellulose-binding module was used to create cellulase-like molecules.
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Recently, Levine et al. (2010) pointed out in their work that the initial value of 𝐹𝐹𝐴𝐴 from the

work of Hong et al. (2007) might be underestimated. Based on their estimation by using
the Random Sequential Adsorption (RSA) simulation process, the initial accessible surface
area of Avicel should be at least 3.5m2g-1, meaning that initial value of 𝐹𝐹𝐴𝐴 should be
0.00341 for Avicel. We believe that the initial value of 𝐹𝐹𝐴𝐴 should be set between 0.00232

and 0.00620 so that 0.00341 is more accurate and will be used in next sections. The
parameter of cellulosic substrate accessibility is critical and reflects the cellulase-accessible
surface area. However, it was estimated that during the early stage of hydrolysis the
substrate accessibility could either decrease or increase if using different substrate
morphologies (Zhou et al., 2009a), remaining the impact of substrate accessibility on the
hydrolysis rate unclear. Most of the experiments only tested the value of substrate
accessibility at the beginning and the end of hydrolysis and did not keep track of its
changing through the entire process. So in order to better understand the role of substrate
accessibility, it is highly recommended to test substrate accessibility at different time points
during hydrolysis. By using smaller initial values for 𝐹𝐹𝐴𝐴 , the new hydrolysis rates are a
little slower than the original ones but still could not capture the full extent of the hydrolysis

rate decreases shown in the experimental data. The enormous differences between the
simulation results and experimental data also indicate that only considering substrate
morphology as hydrolysis rate-limiting factor is not enough to reproduce the kinetics slowdown phenomenon during the process of enzymatic hydrolysis of cellulose. More
hydrolysis rate-limiting factors, such as oligomer inhibition, should be considered when
constructing a model of enzymatic hydrolysis of cellulose.

19

2.3.2 Oligomer reactions
In this section, we demonstrate the simulation results after considering the oligomer
reactions in solution without inhibition effects. In the work of Zhou et al. (2009b), the
reactions involving beta-glucanases were not concerned. Although the main rate-limiting
steps of the cellulose hydrolysis process is the reactions that endo- and exo-glucanases
depolymerize insoluble long glucan chains into soluble oligomers, the changes of
oligomers in solution could also affect the hydrolysis kinetics in turn and thus could not be
ignored.
Figure 2.2 shows the comparison of final conversion level of cellulosic substrate
between simulations considering and not considering oligomer reactions in solution. As we
expected, there is no difference of simulation results after incorporating oligomer reactions.
Because the conversion level describe the ratio of the total amount of dissolved substrate
to the initial amount of substrate. According to the mass balance, although the amount of
each type of oligomer will be changed after considering oligomer reaction, the total amount
of soluble substrate should be the same as that considers no oligomer reaction. In Figures
2.3 and 2.4, differences are illustrated for cello-oligomers during hydrolysis, indicating that
if considering oligomer inhibition effects, simulation results taking into account the
oligomer reactions will be more accurate.
2.3.3 Inhibition effects
In this section, we demonstrate the simulation results after considering the oligomer
reactions in solution and all kinds of competitive inhibition effects between 4 types of
20

cellulases and 6 types of cello-oligomers. As shown in Figure 2.5, after incorporating both
the oligomer reactions and inhibitions, the simulation results can capture some extent of
the decrease in the rate of cellulose hydrolysis often observed in experiments, showing that
inhibition is one of the critical factors contributing to the phenomenon of hydrolysis rate
slow-down.
However, the process of inhibition still remains to elucidate in more details. Although
we considered all kinds of competitive inhibitions that could possibly happen in solution
during enzymatic hydrolysis, it still might exist other types of inhibition relationships, such
as uncompetitive inhibitions of cellobiose which can not only bind free cellulase molecules
but also EO or ES complexes. Deeper understanding of the inhibitions during cellulose
hydrolysis is needed to improve the kinetic models.
2.3.4 Enzyme decay and the slow-down of enzymatic hydrolysis kinetics
In order to reproduce the phenomenon of hydrolysis rate slow-down, we first test the
enzymatic decay factor in the model. It is clear that only considering the inhibition effect
during hydrolysis is not enough to investigate the rate decrease of enzymatic hydrolysis of
cellulose. Similar view was given in the work of Levine et al. (2010) where they tried to
fit the data by using much shorter estimated half-life values for cellulases. Here, we use
the experimentally-determined half-life values for all the 4 types of cellulases in the model,
and test the impact range between enzymatic thermal deactivation and enzymatic inactive
adsorption on the hydrolysis kinetics. As shown in Figure 2.6 the impacts of enzymatic
thermal deactivation and enzymatic inactive adsorption on the hydrolysis rate are very
close to each other, probably because they are both reflecting the affection of temperature
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on the rate of hydrolysis. Also, both the impacts of enzymatic thermal deactivation and
enzymatic inactive adsorption are weaker than the impact of the inhibition effects if
comparing the results in Figures 2.5 and 2.6, indicating that inhibition is the prime factor
contributing to the decrease in the rate of hydrolysis. After combining all the possible factor
that cause the hydrolysis rate slow-down, the simulation results can agree with the
experimental data very well in Figure 2.7, which indicate that considering inhibition and
enzyme decay together in the model of enzymatic hydrolysis of cellulose can capture the
full extent of the rate decrease phenomenon during the hydrolysis process. In order to
enhance the hydrolysis rate and the conversion level of cellulosic substrate, a route is to
increase the loading or improve the specific activities of cellulases. However, increasing
the amount of cellulases will causes a huge waste of cellulase since only a small part of
free cellulase molecules could adsorb onto the substrate and as hydrolysis proceeds all the
cellulase molecules will decay and gradually lose the abilities of binding and catalyzing.
Besides, since the oligomer inhibition effects impact the hydrolysis rate more than other
rate-limiting factors as discussed before, highly efficient cellulases may increase the rate
in the early stage of hydrolysis but will unavoidably end up with binding oligomers and
could not enhance the conversion level too much. So a better approach would be to add
cellulases of small loading at different time points during hydrolysis with substrate filtered
from the original solution into another reactor. This approach can theoretically reduce the
impact of inhibition and keep the high efficiency of cellulases which need to be further
tested by experiments.
Mechanistic modeling the entire process of enzymatic hydrolysis of cellulose is a
challenging work. The big differences probably come from two sources: (1) the parameters
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used may not be accurate or may not be considered constants along the entire hydrolysis
process (i.e. could be functions of time and operational conditions); and (2) there are some
other factors that have not been taken into account, for example, lignin effect. Nevertheless,
our work in the paper shows that when more affecting factors are considered reasonably,
the mechanistic modeling results can be improved, and the simulated trends agree very
well with the experimental data which imply that the modeling has captured the intrinsic
characteristics of the hydrolysis.
2.4 Conclusions
We have developed a detailed modeling framework for enzymatic hydrolysis of
cellulose. The model for the first time not only consider the main hydrolysis step where
long insoluble glucan chains are hydrolyzed by endo- and exo-glucanases on the surface
of solid substrate, but also the reactions in solution which involve beta-glucanases and
oligomers released from the conversion process of insoluble glucan chains. To investigate
the phenomenon of hydrolysis rate slow-down often reported in the literature, the model
considers the competitive inhibition effects of all possible cello-oligomers on cellulases
and two theoretical enzyme decay processes, which are enzymatic thermal deactivation and
the enzymatic inactive adsorption.
By using the model, we have presented analyses for the role of enzymatic accessibility
of cellulosic substrate. As the enzyme-accessible surface area increases, both the hydrolysis
rate and the finial conversion level of substrate could increase, showing that the enzymatic
accessibility is a critical rate-limiting factor during the entire process of hydrolysis. After
incorporating the reactions involving beta-glucanases and oligomers in solution and
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inhibition effects by oligomers, the simulation results can capture some extent of the
decrease in the rate of cellulose hydrolysis often observed in experiments. We have tested
the impacts of enzymatic thermal deactivation and the enzymatic inactive adsorption on
the rate of hydrolysis and found the impacts of the two enzyme decay processes are very
close to each other. We have presented detailed investigation of the phenomenon of
hydrolysis rate slow-down. From the simulation results, we have found that inhibition
effect of oligomer and enzyme decay are both critical factors contributing to the kinetics
slow-down phenomenon during the process of enzymatic hydrolysis of cellulose.
Nomenclature
𝐷𝐷𝜅𝜅 : decay factor of type-κ enzymes

𝐹𝐹𝐴𝐴 : enzymatic accessibility of cellulosic substrates

𝐼𝐼𝜅𝜅 (𝑙𝑙): oligomer adsorption coefficient for (𝜅𝜅, 𝑙𝑙) EO complexes (1/mM)
𝑘𝑘, 𝑘𝑘′: number of glucose units contained in a glucan chain

𝑙𝑙 : chain length, equal to the number of glucose units contained in a glucan chain
𝑙𝑙𝑆𝑆 : minimum insoluble chain length for glucan chains, =7

𝐿𝐿𝜅𝜅,𝜇𝜇 : substrate adsorption coefficient for (𝜅𝜅, 𝜇𝜇) ES complexes (1/mM)

𝑅𝑅𝑆𝑆 (𝑙𝑙): changing rate of soluble oligomers in solution contained 𝑙𝑙 glucose units

𝑅𝑅𝑆𝑆,𝜎𝜎 (𝑙𝑙): production rate of soluble oligomers contained 𝑙𝑙 glucose units dissolved from

glucan chains exposed on class-σ SAC surfaces (mM/min)
𝑇𝑇1/2,𝛫𝛫 : half-life of type-κ enzymes (min)

𝑢𝑢𝜅𝜅 : total concentration of type-κ enzymes (mM)

𝑣𝑣𝜅𝜅 : concentration of free type-κ enzymes in solution (mM)
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𝑥𝑥𝑆𝑆,𝜎𝜎 : total concentration of glucose units dissolved from glucan chains exposed on class-σ
SAC surfaces (mM)

𝑥𝑥𝑆𝑆 (𝑙𝑙): concentration of oligomers dissolved from glucan chains containing 𝑙𝑙 glucose units

𝑦𝑦𝜇𝜇,𝜎𝜎 : concentration of free type-μ sites on glucan chains exposed on class-σ SAC surfaces

(mM)

𝑦𝑦𝑆𝑆 (𝑙𝑙): concentration of free oligomers dissolved from glucan chains containing 𝑙𝑙 glucose
units

𝑧𝑧𝜅𝜅,𝜇𝜇,𝜎𝜎 : concentration of (𝜅𝜅, 𝜇𝜇) ES complexes exposed on class-σ SAC surfaces (mM)

𝑧𝑧𝜅𝜅 (𝑙𝑙): concentration of (𝜅𝜅, 𝑙𝑙) EO complexes formed by type-κ enzymes and oligomers
containing 𝑙𝑙 glucose units (mM)
κ: index of enzyme types

𝛾𝛾𝜅𝜅 (𝑙𝑙): cutting rate coefficient for (𝜅𝜅, 𝑙𝑙) EO complexes (1/min)
μ, μ': index of site types

𝜎𝜎: index of SAC classes
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Tables
Table 2.1 Parameters used in the model
Parameter

Value

Units

Source

𝑳𝑳𝟏𝟏,𝑵𝑵 𝑳𝑳𝟏𝟏,𝑿𝑿 𝑳𝑳𝟏𝟏,𝒀𝒀

3

1/mM

(Zhang and Lynd, 2006;
Zhou et al., 2009)

𝑳𝑳𝟐𝟐,𝑿𝑿 𝑳𝑳𝟐𝟐,𝒀𝒀

4

1/mM

(Zhang and Lynd, 2006;
Zhou et al., 2009)

𝑳𝑳𝟑𝟑,𝑵𝑵 𝑳𝑳𝟑𝟑,𝑿𝑿 𝑳𝑳𝟐𝟐,𝑵𝑵 𝑳𝑳𝟐𝟐,𝒀𝒀

0

1/mM

(Zhang and Lynd, 2006;
Zhou et al., 2009)

𝜸𝜸𝟏𝟏,𝑵𝑵 𝜸𝜸𝟏𝟏,𝑿𝑿 𝜸𝜸𝟏𝟏,𝒀𝒀

23.5

1/min

(Zhang and Lynd, 2006;
Zhou et al., 2009)

𝜸𝜸𝟐𝟐,𝑿𝑿

10.6

1/min

(Zhang and Lynd, 2006;
Zhou et al., 2009)

𝜸𝜸𝟑𝟑,𝒀𝒀

6.2

1/min

(Zhang and Lynd, 2006;
Zhou et al., 2009)

0

1/min

(Zhang and Lynd, 2006;
Zhou et al., 2009)

𝑰𝑰𝟏𝟏 (𝟏𝟏)

0.06

1/mM

(Levine et al., 2010)

𝑰𝑰𝟐𝟐 (𝟏𝟏) 𝑰𝑰𝟑𝟑 (𝟏𝟏)

0.032

1/mM

(Levine et al., 2010)

𝑰𝑰𝟏𝟏 (𝟐𝟐) 𝑰𝑰𝟐𝟐 (𝟐𝟐) 𝑰𝑰𝟑𝟑 (𝟐𝟐)

0.13

1/mM

(Tolan and Foody, 1999)

𝑰𝑰𝟏𝟏 (𝟑𝟑) 𝑰𝑰𝟐𝟐 (𝟑𝟑) 𝑰𝑰𝟑𝟑 (𝟑𝟑)

0.3

1/mM

(Lo Leggio and Pickersgill,
1999; Tolan and Foody,
1999)

𝑰𝑰𝟏𝟏 (𝟒𝟒) 𝑰𝑰𝟐𝟐 (𝟒𝟒) 𝑰𝑰𝟑𝟑 (𝟒𝟒)

0.37

1/mM

(Lo Leggio and Pickersgill,
1999; Tolan and Foody,
1999)

𝑰𝑰𝟏𝟏 (𝟓𝟓) 𝑰𝑰𝟐𝟐 (𝟓𝟓) 𝑰𝑰𝟑𝟑 (𝟓𝟓)

0.44

1/mM

(Lo Leggio and Pickersgill,
1999; Tolan and Foody,
1999)

𝑰𝑰𝟏𝟏 (𝟔𝟔) 𝑰𝑰𝟐𝟐 (𝟔𝟔) 𝑰𝑰𝟑𝟑 (𝟔𝟔)

0.51

1/mM

(Lo Leggio and Pickersgill,
1999; Tolan and Foody,
1999)

𝑰𝑰𝟒𝟒 (𝟏𝟏)

0.294

1/mM

(Yazaki et al., 1997)

𝜸𝜸𝟑𝟑,𝑵𝑵 𝜸𝜸𝟑𝟑,𝑿𝑿 𝜸𝜸𝟐𝟐,𝑵𝑵 𝜸𝜸𝟐𝟐,𝒀𝒀
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𝑰𝑰𝟒𝟒 (𝟐𝟐)

1.136

1/mM

(Chauve et al., 2010;
Yazaki et al., 1997)

𝑰𝑰𝟒𝟒 (𝟑𝟑)

3.846

1/mM

(Chauve et al., 2010;
Yazaki et al., 1997)

𝑰𝑰𝟒𝟒 (𝟒𝟒)

4.000

1/mM

(Chauve et al., 2010;
Yazaki et al., 1997)

𝑰𝑰𝟒𝟒 (𝟓𝟓)

2.174

1/mM

(Chauve et al., 2010;
Yazaki et al., 1997)

𝑰𝑰𝟒𝟒 (𝟔𝟔)

1.449

1/mM

(Chauve et al., 2010;
Yazaki et al., 1997)

𝜸𝜸𝟒𝟒 (𝟏𝟏)

0

1/min

This work

𝜸𝜸𝟒𝟒 (𝟐𝟐)

1897

1/min

(Yazaki et al., 1997)

𝜸𝜸𝟒𝟒 (𝟑𝟑)

1738.9

1/min

(Chauve et al., 2010;
Yazaki et al., 1997)

𝜸𝜸𝟒𝟒 (𝟒𝟒)

1422.8

1/min

(Chauve et al., 2010;
Yazaki et al., 1997)

𝜸𝜸𝟒𝟒 (𝟓𝟓)

895.8

1/min

(Chauve et al., 2010;
Yazaki et al., 1997)

𝜸𝜸𝟒𝟒 (𝟔𝟔)

843.1

1/min

(Chauve et al., 2010;
Yazaki et al., 1997)
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Figures

Figure 2.1 Simulation results using different initial values of 𝐹𝐹𝐴𝐴 compared with experimental data. The substrate and
enzyme have initial properties of (a) 20 g/L Avicel and 4.1 g/L Spezyme CP and (b) 10 g/L Avicel and 0.51 g/L Spezyme
CP together with 30 IU beta-glucanase/g Avicel (57.69 mg/L beta-glucanase)

Figure 2.2 Simulation results of finial conversion level with and without consideration of oligomer reactions in solution.
The substrate and enzyme have initial properties of 10 g/L Avicel and 0.51 g/L Spezyme CP together with 30 IU betaglucanase/g Avicel (57.69 mg/L beta-glucanase)
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Figure 2.3 Simulation results of glucose concentration with and without consideration of oligomer reactions in solution.
The substrate and enzyme have initial properties of 10 g/L Avicel and 0.51 g/L Spezyme CP together with 30 IU betaglucanase/g Avicel (57.69 mg/L beta-glucanase)

Figure 2.4 Simulation results of oligomer concentrations (a) without and (b) with consideration of oligomer reactions in
solution. The substrate and enzyme have initial properties of 10 g/L Avicel and 0.51 g/L Spezyme CP together with 30
IU beta-glucanase/g Avicel (57.69 mg/L beta-glucanase)
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Figure 2.5 Simulation results considering oligomer reactions and inhibitions compared with experimental data. The
substrate and enzyme have initial properties of (a) 20 g/L Avicel and 4.1 g/L Spezyme CP and (b) 10 g/L Avicel and
0.51 g/L Spezyme CP together with 30 IU beta-glucanase/g Avicel (57.69 mg/L beta-glucanase)

Figure 2.6 Simulation results considering different enzyme decay factors compared with experimental data. The substrate
and enzyme have initial properties of (a) 20 g/L Avicel and 4.1 g/L Spezyme CP and (b) 10 g/L Avicel and 0.51 g/L
Spezyme CP together with 30 IU beta-glucanase/g Avicel (57.69 mg/L beta-glucanase)
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Figure 2.7 Simulation results considering all rate-limiting factors compared with experimental data. The substrate and
enzyme have initial properties of (a) 20 g/L Avicel and 4.1 g/L Spezyme CP and (b) 10 g/L Avicel and 0.51 g/L Spezyme
CP together with 30 IU beta-glucanase/g Avicel (57.69 mg/L beta-glucanase)
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Abstract
We develop a novel and general modeling framework for enzymatic hydrolysis of
cellulose and hemicellulose simultaneously. Our mechanistic model, for the first time,
takes into consideration explicitly the time evolution of morphologies of intertwining
cellulose and hemicelluloses within substrate during enzymatic hydrolysis. This
morphology evolution is driven by hydrolytic chain fragmentation and solubilization,
which is, in turn, profoundly affected by the substrate morphology. We represent the
substrate morphology as a randomly distributed Smallest Accessible compartments (SACs)
which are described by geometric functions to track total volume and exposed surface
substrate materials, including both cellulose and hemicelluloses. Our morphology-pluskinetics approach then couple the time-dependent morphology with chain fragmentation
and solubilization resulting from enzymatic reactions between various bonds in cellulose
and hemicelluloses and a mixture (i.e. endo-, exo- and oligomer- acting) of cellulases and
hemicellulases. In addition, we propose an advanced and generalized site concentration
formalism that considers different polysaccharide chain types and different monomer unit
types on chains. The resulting ODE system has a substantially reduced size compared to
conventional chain concentration formalism. We present numerical simulation results
under real enzymatic hydrolysis experimental conditions from literature. The comparisons
between the simulation results and the experiment measurements demonstrate
effectiveness and wide applicability of the proposed mechanistic model.
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3.1 Introduction
Cellulose and hemicelluloses are the major polysaccharides existing in the cell wall of
woods, straws, grasses and other natural plants on the earth. The amount of cellulose and
hemicelluloses are, respectively, about 33%-51% and 25%-39% of the dry weight of plants
(Sjöström, 1993; Sun et al., 2004). Both Cellulose and hemicelluloses have been
recognized as important renewable energy sources due to their abundance and potential to
produce biofuels.
The mechanism of enzymatic hydrolysis of cellulose and hemicelluloses is not well
understood due to the complexity of the enzyme system and structural and morphological
heterogeneity of the substrate. During the last 40 years, a great number of kinetic models
have been developed in order to better understand the mechanism and to facilitate the
experimental studies of enzymatic hydrolysis of cellulose (see Zhang and Lynd, 2004 for
detailed review). A majority of these models are either non-mechanistic or semimechanistic models which are mainly used in data fitting (Zhang and Lynd, 2004). More
recently, studies have been focused on the development of detailed mechanistic models for
enzymatic hydrolysis of cellulose (Griggs et al., 2012a, b; Levine et al., 2010; Zhou et al.,
2009a; Zhou et al., 2009b; Zhou et al., 2010). These models involved more than one
substrate and/or enzyme variable and described the mechanisms of hydrolysis in detail.
Most importantly, they avoided the unrealistic simplification in the past that viewed
cellulose as an assembly of isolated glucan chains without obstructive interactions, so that
most of the glucan chains are initially inaccessible to enzymes and gradually become
accessible by hydrolytic removal of overlaying glucan chains. These mechanistic models
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not only provide tools for studying the reaction mechanisms involved in enzymatic
hydrolysis process, but also have potential utilities for industrial process design and
enzymatic system optimization.
On the other hand, the development of detailed mechanistic model considering
enzymatic hydrolysis of hemicelluloses is much less advanced, regardless of the equal
importance of hemicellulose to biofuel production. By now, only a few models of
enzymatic hydrolysis of hemicelluloses have been developed (Belkacemi and Hamoudi,
2003; Feng et al., 2003; Harjunpaa et al., 1995; Liu et al., 2012). Most of the models were
only considering one certain group of hemicelluloses and obviously cannot be used to
predict the conversion of plant materials that usually contain several groups of
hemicelluloses with different structural characteristics of backbones and side-groups.
Furthermore, to our best knowledge, there exists no mechanistic model that takes
consideration of both cellulose and hemicelluloses simultaneously during enzymatic
hydrolysis. While for hydrolysis of substrate where a large percentage of the
hemicelluloses could have already been removed by pretreatment techniques, the need for
such comprehensive model is less obviously urgent, the major reason of absence of the
model is probably due to much higher mathematic complexity caused by the large variation
of hemicelluloses and their complicated structural interactions with cellulose.
In this work, we develop a detailed mechanistic model for simultaneous enzymatic
hydrolysis of cellulose and hemicelluloses, considering the substrate morphologies and
their coupling with morphology-depended substrate hydrolysis kinetics. The cellulose and
hemicellulose hydrolysis, i.e. chain fragmentation and solubilization, also significantly
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influence the concurrent hydrolysis-driven evolution of the substrate morphology. We
extend the concept of smallest accessible compartment (SAC) as a minimal volume by
external and internal surfaces exposed to enzyme-accessible hydrated interior voids of the
solid substrate material with consideration of intertwining between hemicellulose and
cellulose chains. In addition, an advanced site representation formalism of enzyme
hydrolytic fragmentation coupled with morphology evolution is introduced. The new
formalism considers all bond sites, which can be attacked by a variety of hydrolytic
enzymes, between monomer units of both cellulose chains and various hemicellulose
chains. This model is developed in full generality to present a replication of real-world
hydrolysis and allows us to predict the enzymatic accessibility and conversion level for
both hemicellulose and cellulose within substrates.
3.2 Methodology
3.2.1 Morphology of substrate containing hemicellulose and cellulose
Cellulose is known as a composite of linear glucan chains whose backbone is only
composed of D-glucose units linked to each other by β-(1, 4)-glycosidic bonds. Cellulose
exists in most of the plant species on the earth and differs in degree of polymerization
(Zhang and Lynd, 2004). Unlike cellulose, hemicelluloses are a group of polysaccharides
varying in the composition and the degree of polymerization. Based on the characteristics
of backbones hemicelluloses can be categorized into several groups in which the most
predominant ones are mannans and xylans (Tenkanen, 2004). The backbone of mannans is
a linear or slightly branched chain composed of β-(1, 4)-linked D-mannose units and Dglucose units. Other monomer units, mainly D-galactose units, usually attach on the
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backbones as side groups. The backbones of xylan is composed of β-(1, 4)-linked D-xylose
units and also have some monomer units attached as side groups such as L-arabinose units
(Sun et al., 2004; Tenkanen, 2004). Some pretreatment of lignocellulosic biomass, such as
ammonia fiber expansion, could retain majority of cellulose and hemicellulose, and
dissolve and re-distribute lignin (Chundawat et al., 2011). Hereafter, we refer to the
substrates, which mainly contain cellulose and hemicellulose with lignin being ignored
during hydrolysis, as hemicellulose-cellulosic substrate, as compared to pure cellulosic and
ligno-cellulosic substrate.
Within the hemicellulose-cellulosic substrate, all the chains tend to be a dense and
spatially correlated organization. Such substrate morphology will unavoidably limit the
rate of hydrolysis because a large fraction of chains are initially inaccessible to enzyme
molecules and cannot be hydrolyzed. In addition, hemicellulose-cellulosic substrates, like
cellulosic substrates, often have larger internal enzyme accessible area than external
enzyme accessible area due to the large and sufficiently-distributed pores and cracks within
the substrate particles (Weimer et al., 1990). In the work of Zhou et al. (2009b), two
concepts, smallest accessible void (SAV) and smallest accessible compartment (SAC),
were first proposed and used to describe the morphology of cellulosic substrates. These
two concepts can be extended and used here in a way that morphology of substrate
containing both cellulose and hemicellulose can be depicted. For hemicellulose-cellulosic
substrates, the smallest void that can be invaded by enzyme molecules is called SAV,
which could have different sizes for different enzyme species. SAC is defined as a minimal
volume of the substrate delimited by enzyme-accessible surfaces which not only contain
external surfaces but also internal surfaces from the voids in the interior of the substrate.
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Figures 3.1 and 3.2 illustrate a cellulose elementary fibril and hemicelluloses, and
respectively the subdivision of a single contiguous hemicellulose-cellulosic substrate
particle into SACs by SAVs. Note here we use the 36-chain square shape model only as an
example to represent crystalline cellulose elementary fibril and its positional relation with
hemicelluloses. While there may have different structural shapes and sizes of elementary
fibril, there is no close relationship between the structure and distribution of SAC and shape
and size of elementary fibril. As illustrated in Figure 3.2, substrate is composed of a great
variety of SACs that represent a random distribution of shapes and sizes including any
extremes, that is then modeled with a large but finite number of SAC geometry classes.
Our general SAC concept can consider different possible directions of enzyme attack
during hydrolysis that is due to the severity of orientational and directional disorder of the
cellulose and hemicellulose chains, including but not limited to (1) chains within the SAC
exhibit orientational order with all chain ribbon faces oriented approximately parallel to
the SAC surface, (2) chains within the SAC are orientationally disordered, but remain
directional ordered, with all chain directions aligned approximately parallel, i.e. substrate
comprises highly aligned fibers of random chain facial orientations, and (3) chains within
the SAC are highly both orientationally and directionally disordered, i.e. substrate is highly
amorphous (Zhou et al., 2009b).
As hydrolysis happens, the chains on the surface of SAC is solubilized into solution and
the previously buried chains will be exposed to enzyme access, which leads to the
shrinkage of SACs. To quantify the substrate morphology evolution, each SAC is further
defined in terms of elementary layers, where each layer is a fraction of the given SAC
which can be removed from the surface if all the monomer units in the outer layers are
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hydrolyzed. Figure 3.3 illustrates the partitioning of an SAC, selected from Figure 3.2, into
elementary layers. Each elementary layer is represented by a different value of layer
number λ in the way that the highest value represents the outermost one. Notice that the
concept of elementary layer is not a real reflection of the layered structure of SAC but only
a convenient counting tool to keep track of the amount of monomers either exposed on
each SAC surface or contained in its volume at any time during hydrolysis.
To represent the variety of the linear chains and side groups presented in hemicellulosecellulosic substrate, a finite number of SAC "chain types", such as glucan chain and xylan
chain, labeled by ρ is introduced so that 𝑥𝑥𝑉𝑉 , the total concentration of monomer units

contained in substrate, and 𝑥𝑥𝑀𝑀 , the total concentration of exposed monomer units on the
surfaces of substrate, have such expressions

𝑥𝑥𝑉𝑉 = ∑𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = ∑𝜌𝜌 𝑥𝑥𝑉𝑉,𝜌𝜌 = ∑𝜌𝜌,𝜎𝜎 𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(1a)

𝑥𝑥𝑀𝑀 = ∑𝜎𝜎 𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = ∑𝜌𝜌 𝑥𝑥𝑀𝑀,𝜌𝜌 = ∑𝜌𝜌,𝜎𝜎 𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(1b)

where 𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 is the total concentration of monomer units of type-ρ chains contained in the
class-σ SACs, and 𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 is the concentration of monomer units of type-ρ chains exposed

on the class-σ SACs. λ is treated as a continuous variable used to keep track of the

elementary layers of each SAC, and the indexes σ and ρ describe the sizes of SACs and the
chain types contained in SACs respectively. By way of terms shown in Equations (1a) and
�𝑉𝑉,𝜌𝜌 and 𝛷𝛷
�𝑀𝑀,𝜌𝜌 can be created and expressed
(1b), four parameters 𝛷𝛷𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ), 𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ), 𝛷𝛷

�𝑉𝑉,𝜌𝜌 = 𝑥𝑥𝑉𝑉,𝜌𝜌 /
as 𝛷𝛷𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 )/𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 ), 𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 )/𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 ), 𝛷𝛷

�𝑀𝑀,𝜌𝜌 = 𝑥𝑥𝑀𝑀,𝜌𝜌 /𝑥𝑥𝑀𝑀 . Here, 𝛷𝛷𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) is defined as the native ratio of the total
𝑥𝑥𝑉𝑉 and 𝛷𝛷
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concentration of monomer units contained in type-ρ chains to those contained in all types
of chains of class-σ SACs, and 𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) is defined as the native ratio of the
concentration of exposed monomer units contained in the type-ρ chains to those contained

�𝑉𝑉,𝜌𝜌 is defined as the overall fraction of total
in all types of chains of class-σ SACs. 𝛷𝛷
�𝑀𝑀,𝜌𝜌 is defined as the overall fraction of
monomer units contained in type-ρ chains, and 𝛷𝛷

exposed monomer units of type-ρ chains. The SAC geometric functions of hemicellulosecellulosic substrate are developed in Supporting Information section A and given as
𝑑𝑑

∑𝜌𝜌 𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 𝐵𝐵𝑉𝑉,𝜎𝜎 𝜆𝜆𝜎𝜎𝐴𝐴,𝜎𝜎

(2a)

∑𝜌𝜌 𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = ∑𝜌𝜌 𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) − ∑𝜌𝜌 𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 − 1)𝛩𝛩(𝜆𝜆𝜎𝜎 − 1)

(2b)

where 𝐵𝐵𝑉𝑉,𝜎𝜎 is the molar volume prefactor for class-σ SACs, and 𝑑𝑑𝐴𝐴,𝜎𝜎 is the ablation
dimension factor for class-σ SACs. For all the SAC classes, we set 𝑑𝑑𝐴𝐴,𝜎𝜎 = 2 because all

chains within an SAC are believed to exhibit "directional" order directions, as shown in
Figure 3.1.
3.2.2 Advanced site concentration formalism
To greatly reduce the large amount of ordinary differential equation variables generated
from chain formalism, the site formalism was first proposed and developed for cellulosic
substrate hydrolysis in which all glucan chains were treated as a composite of only 6
different types of β-(1,4)-glycosidic bond sites, referred to as N-, O-, X-, Y-, L-, R-sites
(Zhou et al., 2009b). The classification of these 6 site types was based on the interactions
between β-(1, 4)-glycosidic bonds on pure cellulose chains and 3 cellulase species:
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endoglucanase, cellobiohydrolase I and cellobiohydrolase II. For hemicellulose-cellulosic
substrate hydrolysis, however, there will be different types of chains possessing different
types of monomer units and side groups. Besides, more enzyme species may also be
involved during hydrolysis, as show in Table 3.1, making it necessary to develop advanced
and generalized site formalism for hemicellulose-cellulosic substrate hydrolysis, as
illustrated in Figures 3.4a-b.
First, two parameters are created and labeled by 𝑈𝑈𝑖𝑖 and 𝑈𝑈𝑖𝑖𝑖𝑖 respectively. 𝑈𝑈𝑖𝑖 denotes the

type-i monomer unit and the broken bonds (i.e. left or right ends) belonging to the type-i
monomer units, whereas 𝑈𝑈𝑖𝑖𝑖𝑖 denotes the intact bonds formed by the left ends of type-i

monomer units and the right ends of type-j monomer units in which the subscripts "𝑖𝑖" and
"𝑗𝑗" could be the same. Both 𝑈𝑈𝑖𝑖 and 𝑈𝑈𝑖𝑖𝑖𝑖 are used to describe the diversities of monomer

units and bonds contained in the backbones. After incorporating them into the previous sixtype bond site formalism for cellulose, the type of sites are expanded and could be
categorized into six site groups, referred to as 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝐿𝐿𝑈𝑈𝑖𝑖 , 𝑅𝑅𝑈𝑈𝑖𝑖 and O.
Second, considering the side groups, another two parameters are created and labeled by
𝑆𝑆𝑖𝑖 and 𝐽𝐽𝑖𝑖 respectively. 𝑆𝑆𝑖𝑖 denotes the type-i side groups, whereas 𝐽𝐽𝑖𝑖 denotes the type-i side

bonds linking the backbones and side groups. So now there are seven groups of site types:

𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝐿𝐿𝑈𝑈𝑖𝑖 , 𝑅𝑅𝑈𝑈𝑖𝑖 , 𝐽𝐽𝑖𝑖 and O in the new bond site formalism, which can be used to

represent any type of chains in hemicellulose-cellulosic substrate, as illustrated by Figures

3.4a-b. The concentration relationship between bond sites and monomer units on the
substrate surface is ∑𝜇𝜇,𝜌𝜌 𝜔𝜔𝜇𝜇 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑡𝑡) = 𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 (𝑡𝑡)), where μ represents any site type, the
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weight factor 𝜔𝜔𝜇𝜇 represents the fraction of a monomer unit associated to certain site type

in backbones, that is, 𝜔𝜔𝜇𝜇 = 1 for intact bond site types 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 and O; 𝜔𝜔𝜇𝜇 = 1/2

for broken bond site types 𝐿𝐿𝑈𝑈𝑖𝑖 and 𝑅𝑅𝑈𝑈𝑖𝑖 . For the side bond site types 𝐽𝐽𝑖𝑖 , 𝜔𝜔𝜇𝜇 = 1 is also set
to count the side groups.

As hydrolysis proceeds, all types of chains exposed on each SAC surface can be cut by
enzymes. The chain length 𝑙𝑙 is defined as the number of monomer units contained in the
backbone of a chain. If the length of a type-ρ chain fragment resulting from a cut is less

than a certain minimum insoluble length, denoted by 𝑙𝑙𝑆𝑆,𝜌𝜌 , then the fragment will
immediately be dissolved, which results in the SAC surface layer ablation. So the SAC
surfaces changing rate during hydrolytic ablation can be described by a system of coupled
rate equations containing two dynamic variables 𝜆𝜆𝜎𝜎 (𝑡𝑡) and 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑡𝑡). The surface layer
ablation rate equations are derived in Supporting Information section B and given by
𝑥𝑥̇𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 − 𝑅𝑅�𝜎𝜎 𝜂𝜂𝜎𝜎 (𝜆𝜆𝜎𝜎 )𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 − 1)𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎
𝑑𝑑 −1
𝜆𝜆̇𝜎𝜎 = 𝑅𝑅�𝜎𝜎 /(𝐵𝐵𝑉𝑉,𝜎𝜎 𝑑𝑑𝐴𝐴,𝜎𝜎 𝜆𝜆𝜎𝜎𝐴𝐴,𝜎𝜎 )

(3a)

(3b)

𝜂𝜂𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 1 − 𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 )/𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(3c)

𝑅𝑅�𝜎𝜎 = ∑𝜇𝜇,𝜌𝜌 𝜔𝜔𝜇𝜇 𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎

(3d)

In Equation (3a), the first term 𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 is the net production rate of type-μ sites due to site
fragmentation and the second term −𝑅𝑅�𝜎𝜎 𝜂𝜂𝜎𝜎 (𝜆𝜆𝜎𝜎 )𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 − 1)𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 is due to native site
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exposure from underlying layer as a result of hydrolytic removal of all types of overlaying
sites in the surface layer.
The production rate of monomer units dissolved from type-ρ chains of class-σ SACs
and the production rate of soluble oligomers originally belonging to type-ρ chains are given
by
𝑙𝑙

−1

𝑆𝑆,𝜌𝜌
𝑥𝑥̇ 𝑆𝑆,𝜌𝜌,𝜎𝜎 = ∑𝑙𝑙=1

𝑙𝑙𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑙𝑙)

(4a)

𝑥𝑥̇𝑆𝑆,𝜌𝜌 (𝑙𝑙) = ∑𝜎𝜎 𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑙𝑙) + 𝑅𝑅𝑆𝑆,𝜌𝜌 (𝑙𝑙)

(4b)

where 𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑙𝑙) is the production rate of oligomers containing 𝑙𝑙 monomer units (1 ≤ 𝑙𝑙 <

𝑙𝑙𝑆𝑆,𝜌𝜌 ) and dissolved from type-ρ chains exposed on class-σ SAC surfaces. 𝑅𝑅𝑆𝑆,𝜌𝜌 (𝑙𝑙) is the
changing rate of the oligomers containing 𝑙𝑙 monomer units and dissolved from type-ρ

chains, which describes the reactions between oligomers and beta-enzymes in solution. The
constructions of 𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 and 𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑙𝑙) both require (i) the concomitant solutions of the
enzyme adsorption and inhibition equilibriums, (ii) the chain fragmentation probabilities
and (iii) the enzymatic bond cutting reaction rate coefficients, whereas the construction of
𝑅𝑅𝑆𝑆,𝜌𝜌 (𝑙𝑙) only need to consider the enzyme adsorption and inhibition equilibriums as
described in Supporting Information section C.
3.2.3 Ablation and oligomer rate equations
In general, cutting a type-μ site belonging to type-ρ chains will change the number of
all types of sites belonging to type-ρ chains at SAC surfaces. To describe the sites
�𝜇𝜇′ ,𝜇𝜇,𝜌𝜌,𝜎𝜎 is denoted as the mean increment of type-μ' sites per type-μ site being
change, Δ𝑁𝑁
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cut on type-ρ chains exposed on class-σ SAC surfaces. So 𝑅𝑅𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 , that is, the production
rate of type-μ' sites resulting from cuts of all site types belonging to type-ρ chains, subject
to all enzyme types κ, per class-σ SAC, can be expressed as
�𝜇𝜇′ ,𝜇𝜇,𝜌𝜌,𝜎𝜎
𝑅𝑅𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 = ∑𝜅𝜅,𝜇𝜇 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 Δ𝑁𝑁

(5a)

∞
′
′
�𝜇𝜇′ ,𝜇𝜇,𝜌𝜌,𝜎𝜎 = ∑∞
Δ𝑁𝑁
𝑘𝑘=1 ∑𝑘𝑘 ′ =1 𝑃𝑃𝜌𝜌 ,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 |𝜇𝜇, +1)Δ𝑁𝑁𝜇𝜇 ′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 )

(5b)

where Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ) is the increment of type-μ' sites that is produced by a bond cut

generating a (𝑘𝑘, 𝑘𝑘 ′ ) type-ρ chain fragment pair, and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) is the probability for

a randomly selected intact bond of given site type μ to be located 𝑘𝑘 monomer units from
the L-end and 𝑘𝑘 ′ monomer units from the R-end of a type-ρ chain exposed on surface of a

�𝜇𝜇′ ,𝜇𝜇,𝜌𝜌,𝜎𝜎 shown in Supporting Information
class-σ SAC. The detailed expression of Δ𝑁𝑁

section F is obtained based on the expressions of Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ) and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1)
from Supporting Information sections D and E.

By definition, the production rate of soluble oligomers 𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑘𝑘) can be expressed as

′
′
𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑘𝑘) = ∑𝜅𝜅,𝜇𝜇 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 ∑∞
𝑘𝑘 ′ =𝑙𝑙𝑆𝑆,𝜌𝜌 −𝑘𝑘�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 |𝜇𝜇, +1) + 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘 , 𝑘𝑘|𝜇𝜇, +1)�

(6)

which can be simplified into
�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘)
𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑘𝑘) = ∑𝜅𝜅,𝜇𝜇 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 𝛥𝛥𝑁𝑁

(7)

�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) is defined as the production factor of oligomers. The detailed expression of
Δ𝑁𝑁
�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) is given in Supporting Information section E which, like the expression of
Δ𝑁𝑁
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�𝜇𝜇′ ,𝜇𝜇,𝜌𝜌,𝜎𝜎 contains the type-ρ chain number probability variable 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) with a few "short"
Δ𝑁𝑁

chain lengths up to the cut-off length 𝑙𝑙𝐶𝐶,𝜌𝜌 defined by 𝑙𝑙𝐶𝐶,𝜌𝜌 ≡ 𝑙𝑙𝑆𝑆,𝜌𝜌 + max�𝑙𝑙𝐿𝐿,𝜌𝜌 , 𝑙𝑙𝑅𝑅,𝜌𝜌 � − 2. The

expression of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) is given by Equation (H.9) as described in Supporting Information

section H.

The closed ordinary differential equation (ODE) system for the site concentration
formalism now is completed, including Equations (3a-d), (4a-b), (5a-b), (7) and (C.3),
(E.10), (F.1), (H.1), (H.6), (H.8) in SI. The independent dynamical variables of this ODE
system are 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 , 𝜆𝜆𝜎𝜎 and 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) with 𝑙𝑙𝑆𝑆,𝜌𝜌 ≤ 𝑙𝑙 < 𝑙𝑙𝐶𝐶,𝜌𝜌 . Intermediate variables 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 are

evaluated from enzyme adsorption and inhibition equations. In addition, we can obtain the
concentrations of dissolved monomer units 𝑥𝑥𝑆𝑆,𝜌𝜌 (𝑙𝑙) by solving enzyme adsorption and
inhibition equations and oligomer production rate equations together.
3.3 Numerical Simulation Results and Discussion
In this section, numerical simulations are carried out using real experimental conditions,
and simulation results are compared with the experimental data from literature. The
substrates used in the experiments were either poplar solids or corn stover, where the major
type of hemicellulose is xylan. All the experiments used ammonia fiber expansion (AFEX)
to pretreat substrate. It has been shown in recent studies that AFEX pretreatment could cut
the linkages between lignin and side-groups of hemicelluloses, create pores within the
substrate and relocate extractable lignin to the substrate surfaces (Chundawat et al., 2011).
In this work, to focus on the interactions between cellulose and hemicelluloses, we assume
that after the AFEX pretreatment the blocking effect of lignin can be neglected.
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All SACs could be categorized into three groups based on the components contained.
The first and the second group of SACs are composed of pure cellulose and pure xylan
respectively, while SACs belonging to the third group contain both cellulose and xylan.
Xylan, like other hemicelluloses, is believed to have intimate interconnection with
cellulose by twisting together the cellulosic microfibrils. However, the detailed structural
characteristics about how cellulose and hemicelluloses are spatially organized have still
remained unclear. We assume that for each SAC containing both cellulose and xylan, the
fraction of monomer units belonging to xylan linearly decreases as follows:
𝜆𝜆 −Λ

𝛷𝛷𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = max �Λ𝜎𝜎 −Λ𝐶𝐶𝐶𝐶,𝜎𝜎 �𝛷𝛷𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋,𝜎𝜎 (Λ𝜎𝜎 ) − 𝛷𝛷𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋,𝜎𝜎 �Λ𝐶𝐶𝐶𝐶,𝜎𝜎 �� + 𝛷𝛷𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋,𝜎𝜎 �Λ𝐶𝐶𝐶𝐶,𝜎𝜎 �, 0�
𝜎𝜎

𝐶𝐶𝐶𝐶,𝜎𝜎

(8)
with 1 ≤ Λ𝐶𝐶𝐶𝐶,𝜎𝜎 ≤ Λ𝜎𝜎 . Λ𝐶𝐶𝐶𝐶,𝜎𝜎 represents the largest layer of class-σ SACs containing the

smallest amount of hemicelluloses. The model requires a variety of kinetic, adsorption and
inhibition parameters for enzymes, which are determined from the literature. We assume
�𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋 and 𝐹𝐹�𝐴𝐴 which are the key parameters describing the enzyme
the initial values for 𝛷𝛷

accessibilities of cellulose and xylan. The value of 𝐹𝐹�𝐴𝐴 is decided by adjusting two Gaussian
distribution parameters Λ𝐴𝐴𝐴𝐴𝑔𝑔 and Λ𝑊𝑊𝑊𝑊𝑊𝑊 as shown in Supporting Information section A.

Although currently we do not know the experimentally-decided values for these two key
parameters, we believe that they could be studied and measured by appropriate methods in
the future. All the parameters and their values are shown in Supporting Information section
I.
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3.3.1 Comparison with experiments in Qing and Wyman (2011b) and investigation of
effects of substrate morphology
The total substrate loading was 0.2g of AFEX-treated corn stover in 10 mL reaction
volume. The amount of cellulose, and xylan were about 39.6% and 24.5% by weight
respectively. Spezyme CP cellulase (CP) (16.1 mg protein/g glucan), Novozyme 188 betaglucosidase (BG) (3.16 mg protein/g glucan), Multifect xylanase (MX) (16.1 mg protein/g
glucan) and a non-commercial beta-xylosidase (BX) (32.2 mg protein/g glucan) were used
in the experiments. The commercial enzyme Spezyme CP mainly contained endoglucanase (EG), cellobiohydrolase II (CBH2), cellobiohydrolase I (CBH1) and endoxylanase (EX) in mass ratio 0.17:0.13:0.24:0.17 (EG:CBH2:CBH1:EX) (Nagendran et al.,
2009). Due to the current lack of the exact compositions of the other three commercial or
non-commercial enzymes, simplified compositions are used in the model: (i) MX contains
50% EX (about the same percentage of cellulases in Spezyme CP) and 50% other unknown
enzymatic species which are neglected, (ii) BG contains 100% beta-glucosidase, and (iii)
BX contains 100% beta-xylosidase. The total amount of debranching enzymes in the
commercial enzyme mixture are unknown and are believed to be, if there is any, very small
amount, thus the side chain reactions can be neglected in the substrate.
As shown in Figures 3.5A-D, simulation results for conversion times of both cellulose
and xylan agree with the experimental data very well. However, discrepancies are shown
in Figures 3.5E-F. Notice that in these two experimental conditions only BX (betaxylosidase) is applied, while in other conditions (A-D) either MX (contain endo-xylanases)
or MX-BX mixture is used. So the reason could be that beta-xylosidase itself may also
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have ability to hydrolyze xylan chains on solid substrate. This possible "Endo-acting"
ability of beta-xylosidase can also be found from other experiments (Banerjee et al., 2010a;
Banerjee et al., 2010b; Banerjee et al., 2010c) and need to be further studied.
We further investigate the effect of substrate composition on hydrolysis by testing
different initial percentages of cellulose and xylan with the same values of overall substrate
accessibility and the initial amount of exposed D-xylose units. The results shown in Figures
3.6A-B illustrate that decreasing the content of xylan in substrate could increase the
hydrolysis rates and the finial conversion levels of both cellulose and xylan. It seems that
the initial amount of xylan is the key factor affecting the final conversion level of substrate.
However, the most critical factor is, to be more precisely, the initial accessibility of xylan.
As shown in Figure 3.7, we test two substrates with the same amount of each component
but different conditions of accessibility and find that the substrate with higher value of
xylan accessibility can be hydrolyzed faster and reach higher level of conversion. So in
order to obtain higher conversion level of the substrate, we can either decrease the total
amount of xylan or increase the amount of accessible xylan before hydrolysis.
3.3.2 Comparison with experiments in Banerjee et al. (2010a)
The total substrate loading was 2.9 mg of AFEX-treated corn stover in 500 µL reaction
volume. The amount of glucan and xylan were 34.4% and 22.4% by weight respectively.
Hydrolysis conversion experimental data are extracted from the Table 1 and the
Supplementary Table S2 of the article. As shown in Table 3.2, the discrepancies between
the simulation results and experimental data are within 10% if considering all kinds of
inhibitions. Also, considering more inhibition effects in the simulation could decrease the
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results of conversion level. Notice that in this study only commercial enzyme CP, no betaglucosidase or beta-xylosidase, was used during hydrolysis, indicating that there would be
a large amount of different types of oligomers in solution. Such discrepancies may be
caused by the complex inhibition effects of oligomers on enzymes. Our model considers
common competitive inhibition effects (gluco-oligomers on cellulases and xylo-oligomers
on hemicellulases) and "crossover" inhibition effects (xylo-oligomers on cellulases and
gluco-oligomers on hemicellulases). The discrepancies may indicate that some of the
assumed values of the inhibition parameters are not accurate, especially those crossover
inhibition parameters. Although recently some studies (Qing and Wyman, 2011a, b) have
been focusing on the crossover inhibition effect of different xylo-oligomers on cellulases
due to the structural similarity between D-glucose and D-xylose units. The crossover
inhibition effects still need to be further investigated, especially the unclear inhibition
effects of gluco-oligomers on hemicellulases.
3.3.3 Comparison with Experiments in Kumar and Wyman (2009)
The glucan loading was 0.1g of AFEX-treated poplar solids in 10 mL reaction volume.
The amount of glucan and xylan were about 46.6% and 15% by weight respectively.
Spezyme CP cellulase (CP) (28.1 mg protein/g glucan) and Novozyme 188 betaglucosidase (BG) (5.5 mg protein/g glucan) were used in the experiments. In the study, the
accessibility of cellulose during hydrolysis was measured by the amount of adsorbed
CBH1. The mass loading of purified CBH1 was 75 mg per g glucan initially contained in
the poplar solids. As described in the article, there were four stages during the process of
hydrolyzing AFEX-pretreated poplar. When the conversion level of glucan (cellulose)
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reached 35.2%, 45%, 65%, 85%, the conversion level of xylan respectively reached 55%,
70%, 80%, 85%.
Simulation results as shown in Table 3.3, are in great agreement with the experimental
data. It was concluded in the study that the cellulose accessibility would not change much
before late stage, which is confirmed by the simulation results. The reason for this constant
cellulose accessibility for a long period of hydrolysis time could be partially due to the time
evolution of substrate morphology. Before hydrolysis, the initial percentage of xylan is
higher in the outer layers than inner layers. As hydrolysis proceeds, surface layers will be
ablated by enzymes and underlying layers become exposed and accessible. Although the
total amount of accessible substrate will keep decreasing due to the shrinkage of the surface
area, the amount of accessible cellulose could remain stable for a long time period as the
percentage of cellulose keeps increasing.
3.4 Conclusions
A novel mechanistic model has been developed for the enzymatic hydrolysis of
hemicellulose-cellulosic substrates for the first time. This model couples the enzymatic
fragmentation kinetics of surface-exposed and enzyme-accessible chains of both cellulose
and hemicellulose within the substrate to rate equations describing the time evolution of
substrate morphology, resulting from the hydrolytic ablation of solid substrate surface
externally and internally. To describe the morphology of hemicellulose-cellulosic
substrate, the concepts of smallest accessible compartment (SAC) and smallest accessible
void (SAV) are adopted and further developed. Geometric functions based on SAC
elementary layer variables are developed to keep track of the volume and surface substrate
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materials for both cellulose and hemicelluloses. We then use a randomly distributed
population of SAC geometry classes to represent the random distribution of accessible
surface geometries commonly seen in real substrates. The intertwining feature of the
cellulose and hemicelluloses with substrates is depicted by distribution functions of
hemicellulose along SAC elementary layer variables.
The forgoing morphological concepts are then integrated with enzymatic chain
fragmentation and solubilization. The hydrolytic time evolution of the SAC structures is
modeled by a surface layer ablation formalism which couples the hydrolytic shrinkage of
SAC units to the enzymatic ablation of surface-exposed, both cellulosic and hemicellulosic,
chains. A general site concentration formalism is developed considering the fact that
hemicellulose chains consist of different types of monomer units and side groups connected
to backbone chains. The reactions involving beta-enzymes in solution and the inhibition
effects caused by soluble oligomers are also incorporated into the model. Three case studies
are carried out for the numerical simulation of enzymatic hydrolysis process. These cases
are carefully selected from literature experiments to use enzyme mixture of both cellulases
and hemicellulases to hydrolyze wood biomass pretreated by AFEX, which is believed to
retain majority of the cellulose and hemicellulose content in the biomass. The simulation
results show that this general modeling framework has the capability to simulate the
hydrolysis process, up to total completion, of hemicellulose-cellulosic substrates. The
effectiveness of the detailed mechanistic model is clearly illustrated by the good agreement
between the simulation results and experimental data. Further numerical analysis with
changed substrate morphology and inhibition gains some insights on how the distribution
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and intertwining of cellulose and hemicellulose would affect the enzymatic hydrolysis
performance.
Nomenclature
𝐵𝐵𝑉𝑉 : molar volume prefactor for substrate

𝐵𝐵𝑉𝑉,𝜎𝜎 : molar volume prefactor for class-σ SACs

𝑑𝑑𝐴𝐴 : ablation dimension for substrate

𝑑𝑑𝐴𝐴,𝜎𝜎 : ablation dimension for class-σ SACs

𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 : fraction of type-μ sites on type-ρ chains exposed on class-σ SAC surfaces, ≡
𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 /𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎

𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 : fraction of L-end broken sites on type-ρ chains exposed on class-σ SAC surfaces,

≡ ∑𝑖𝑖 𝑓𝑓𝐿𝐿𝑈𝑈 ,𝜌𝜌,𝜎𝜎
𝑖𝑖

𝐹𝐹�𝐴𝐴 : overall fraction of exposed monomer units of substrate

𝐹𝐹𝐴𝐴,𝜎𝜎 : fraction of exposed monomer units of class-σ SACs

𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 : native fraction of type-μ sites on type-ρ chains contained in class-σ SACs

𝑔𝑔𝐸𝐸,𝜌𝜌,𝜎𝜎 : native fraction of L-end broken sites on type-ρ chains contained in class-σ SACs,

≡ ∑𝑖𝑖 𝑔𝑔𝐿𝐿𝑈𝑈 ,𝜌𝜌,𝜎𝜎
𝑖𝑖

𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙): concentration of type-ρ chains with length- l exposed on class-σ SAC surfaces
(mM)

𝐼𝐼𝜅𝜅,𝜌𝜌 (𝑙𝑙): oligomer adsorption coefficient for (𝜅𝜅, 𝜌𝜌, 𝑙𝑙) EO complexes (1/mM)
𝑘𝑘, 𝑘𝑘 ′ : number of monomer units contained in a chain
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𝑘𝑘𝑋𝑋,𝜌𝜌 (𝑘𝑘𝑌𝑌,𝜌𝜌 ): site position from L-end (R-end) which can be cut by exo-L (exo-R) enzymes,
=2 (=2)

𝑙𝑙: chain length, equal to the number of monomer units contained in a chain

⟨𝑙𝑙⟩𝜌𝜌,𝜎𝜎 : average chain length for type-ρ chains exposed on class-σ SAC surfaces

𝑙𝑙𝑆𝑆,𝜌𝜌 : minimum insoluble chain length for type-ρ chains, =7

𝑙𝑙𝐿𝐿,𝜌𝜌 (𝑙𝑙𝑅𝑅,𝜌𝜌 ): length of L- (R-) terminal segment for type-ρ chains, ≡ 𝑘𝑘𝑋𝑋,𝜌𝜌 + 1 (≡ 𝑘𝑘𝑌𝑌,𝜌𝜌 + 1 )
𝑙𝑙𝐿𝐿𝐿𝐿,𝜌𝜌 : ≡ 𝑙𝑙𝐿𝐿,𝜌𝜌 + 𝑙𝑙𝑅𝑅,𝜌𝜌 − 1

𝑙𝑙𝐶𝐶,𝜌𝜌 : cut-off length for type-ρ chains, ≡ 𝑙𝑙𝑆𝑆,𝜌𝜌 + max�𝑙𝑙𝐿𝐿,𝜌𝜌 , 𝑙𝑙𝑅𝑅,𝜌𝜌 � − 2
𝑙𝑙𝐸𝐸,𝜌𝜌 : = max�𝑙𝑙𝐿𝐿,𝜌𝜌 , 𝑙𝑙𝑅𝑅,𝜌𝜌 � − 1

𝐿𝐿𝜅𝜅,𝜇𝜇,𝜌𝜌 : substrate adsorption coefficient for (𝜅𝜅, 𝜇𝜇, 𝜌𝜌) ES complexes (1/mM)
𝑀𝑀𝑀𝑀𝑀𝑀 : population size of SAC geometric class

𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘): average number of type-μ sites per type-ρ chain of class-σ SACs

Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ): increment of type-μ’ sites of type-ρ main chains produced by a cut on a
type-ρ chain generating a (𝑘𝑘, 𝑘𝑘 ′ ) type-ρ chain fragment pair

�𝜇𝜇′ ,𝜇𝜇,𝜌𝜌,𝜎𝜎 : mean increment of type-μ' sites per type-μ site being cut on type-ρ chains
Δ𝑁𝑁

exposed on class-σ SAC surfaces

�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘): production factor of soluble oligomers
𝛥𝛥𝑁𝑁
�𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘): production factor of chain lengths
𝛥𝛥𝑁𝑁
(𝐼𝐼)

(𝐿𝐿)

(𝑅𝑅)

𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 , 𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 , 𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 : contributions to 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) for finding type-μ sites on class-σ

SAC surfaces from the Interior, L-terminal and R-terminal segments

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙): probability of a randomly selected insoluble type-ρ chain, exposed on a class-σ
SAC surface, to contain 𝑙𝑙 monomer units
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𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁): probability that a bond randomly selected from the "super type-ρ chain" is a
ζ-bond, and that this bond is located 𝑘𝑘 and 𝑘𝑘 ′ monomer units from its nearest L-end and

R-end, respectively

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁): probability for a randomly selected bond from the "super type-ρ chain" to
be of type-μ site, given that the bond is a ζ-bond; and given that it is located 𝑘𝑘 and 𝑘𝑘 ′

monomer units from its nearest L-end and R-end, respectively

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1): probability for a randomly selected intact bond of given type-μ site to be
located 𝑘𝑘 monomer units from the L-end and 𝑘𝑘 ′ monomer units from the R-end of a type-

ρ chain exposed on a class-σ SAC

𝑄𝑄𝜌𝜌,𝜎𝜎 : native length distribution of type-ρ chains contained in class-σ SACs

𝑅𝑅�𝜎𝜎 : negative rate of monomer units loss from class-σ SACs into solution (mM/min)

𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 : production rate of type-μ sites on type-ρ chains exposed on class-σ SAC surfaces
(mM/min)

𝑅𝑅𝑆𝑆,𝜌𝜌,𝜎𝜎 (𝑙𝑙): production rate of soluble oligomers contained 𝑙𝑙 monomer units dissolved from
type-ρ chains exposed on class-σ SAC surfaces (mM/min)

𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑙𝑙): production rate of surface-exposed type-ρ chains of length 𝑙𝑙 on class-σ SAC

surfaces (mM/min)

𝑅𝑅𝜌𝜌,𝜎𝜎 (𝑙𝑙 → 𝑘𝑘, 𝑘𝑘 ′ ): rate at which surface-exposed type-ρ chains of length 𝑙𝑙 exposed on classσ SAC surfaces are being cut into two type-ρ chain fragments of length 𝑘𝑘 and 𝑘𝑘 ′ , from the

L-ends and R-ends of the original type-ρ chains respectively. (mM/min)
𝑆𝑆𝑖𝑖 : type-i side groups

𝑢𝑢𝜅𝜅 : total concentration of type-κ enzymes (mM)
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𝑈𝑈𝑖𝑖 : index of broken site types L and R

𝑈𝑈𝑖𝑖𝑖𝑖 : index of intact site types N, X and Y

𝑣𝑣𝜅𝜅 : concentration of free type-κ enzymes in solution (mM)

𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 : concentration of type-μ sites on type-ρ chains exposed on class-σ SAC surfaces

(mM)

𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎 : concentration of insoluble type-ρ chains exposed on class-σ SAC surfaces (mM)

𝑥𝑥𝑆𝑆,𝜌𝜌,𝜎𝜎 : total concentration of monomer units dissolved from the type-ρ chains exposed on

class-σ SAC surfaces (mM)

𝑥𝑥𝑆𝑆,𝜌𝜌 (𝑙𝑙): concentration of oligomers dissolved from the type-ρ chains and contained 𝑙𝑙
monomer units

𝑥𝑥𝑀𝑀 : total concentration of monomer units exposed on the substrate surface (mM)

𝑥𝑥𝑀𝑀,𝜎𝜎 : concentration of monomer units exposed on class-σ SAC surfaces (mM)

𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 : concentration of monomer units belonging to type-ρ chains exposed on class-σ SAC
surfaces (mM)

𝑥𝑥𝑉𝑉 : total concentration of monomer units contained in the substrate (mM)

𝑥𝑥𝑉𝑉,𝜎𝜎 : concentration of monomer units contained in class-σ SACs (mM)

𝑥𝑥𝑉𝑉,𝜌𝜌,𝜎𝜎 : concentration of monomer units belonging to type-ρ chains contained in class-σ

SACs (mM)

𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 : concentration of free type-μ sites on type-ρ chains exposed on class-σ SAC surfaces
(mM)

𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙): concentration of free oligomers dissolved from type-ρ chains and containing 𝑙𝑙

monomer units
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𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 : concentration of (𝜅𝜅, 𝜇𝜇, 𝜌𝜌) ES complexes exposed on class-σ SAC surfaces (mM)

𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙): concentration of (𝜅𝜅, 𝜌𝜌, 𝑙𝑙) EO complexes in which oligomers containing 𝑙𝑙 monomer
units (mM)

𝛽𝛽𝜅𝜅 : footprint of type-κ enzymes

𝜂𝜂𝜎𝜎 : geometrical factor accounting for surface curvature effect
κ: index of enzyme types
ρ: index of chain types
𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 : cutting rate coefficient for (𝜅𝜅, 𝜇𝜇, 𝜌𝜌) ES complexes (cuts per (𝜅𝜅, 𝜇𝜇, 𝜌𝜌) ES complex
per time)

𝜆𝜆𝜎𝜎 : layer number variable of class-σ SACs

Λ𝐶𝐶𝐶𝐶,𝜎𝜎 : cut-off layer of class-σ SACs (the largest layer of class-σ SACs containing the
smallest amount of hemicelluloses)

μ, μ': index of site types (N-, O-, X-, Y-, L-, R-, J-)

𝜎𝜎: index of SAC classes

𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 : fraction of O-sites on type-ρ chains of class-σ SACs

𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌 : average fraction of type-i monomer units contained in type-ρ chains

𝜑𝜑𝐽𝐽𝑖𝑖 ,𝜌𝜌 : average ratio of side groups to the total number of monomer units contained in the
backbones of type-ρ chains

𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 : fraction of exposed monomer units contained in type-ρ chains of class-σ SACs

�𝑀𝑀,𝜌𝜌 : overall fraction of exposed monomer units belonging to type-ρ chains of substrate
𝛷𝛷

𝛷𝛷𝑉𝑉,𝜌𝜌,𝜎𝜎 : fraction of monomer units belonging to type-ρ chains contained in class-σ SACs

�𝑉𝑉,𝜌𝜌 : overall fraction of monomer units belonging to type-ρ chains contained in substrate
𝛷𝛷
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𝛩𝛩(𝛥𝛥𝛥𝛥): heavy-side step function, =1 if 𝛥𝛥𝛥𝛥 > 0, =0 if 𝛥𝛥𝛥𝛥 < 0

𝜉𝜉𝜎𝜎 : molar fraction of monomer units contained in class-σ SACs, ≡ 𝑥𝑥𝑉𝑉,𝜎𝜎 /𝑥𝑥𝑉𝑉

ζ: integrity variable with 𝜁𝜁 = +1(−1) indicating intact (broken) bond, in the "super typeρ chain" construction of fragmentation probability

𝜔𝜔𝜇𝜇 : weight factor for type-μ bond site: =1 for intact bond sites, =1/2 for broken bond sites,
=0 for side bond sites
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α-1,3
α-1,2

L-arabinose
D-glucuronic acid

Side groups
Oligomers

Oligomers
Mannans
Backbone
α-1,6

β-1,4

β-1,4

D-xylose

Oligomers
Xylans
Backbone

D-glucose
D-mannose
D-galactose

β-1,4

D-glucose

Side groups

Linkage

Main units

Main Component
Cellulose
Backbone

Endomannannase
Endoglucanase
α-galactosidase
β-mannosidase
β-glucosidase

Endoxylanase
Exoxylanase
α-arabinosidase
α-glucuronidase
β-xylosidase

Endoglucanase
Cellobiohydrolase I
Cellobiohydrolase II
β-glucosidase

Enzymes

Internal β-1,4 after D-mannose
Internal β-1,4 after D-glucose
Terminal α-1,6
Terminal β-1,4 after D-mannose
Terminal β-1,4 after D-glucose

Internal β-1,4
Terminal β-1,4 (not classified)
Terminal α-1,3
Terminal α-1,2
Terminal β-1,4

Internal β-1,4
terminal β-1,4 from reducing end
terminal β-1,4 from non-reducing end
Terminal β-1,4

Linkage hydrolyzed

Tables
Table 3.1 Main components of hemicellulose-cellulosic substrates and their specific enzymes
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S (c)

S (a)

S (b)

7.5

64.57

39.61

20.00

S (c)

E

S (b)

E

S (a)

% Xylan conversion (24h)

% Glucan conversion (24h)

22.4
22.9
33.03 35.42 38.49
14.44 15.58
± 0.7
± 0.4
32.5
26.3
15
41.80 45.70 55.68
25.86 28.31
± 2.9
± 1.3
45.6
32.4
54.88 60.59 85.06
40.54 43.40
30
± 1.2
± 2.4
E: Experimental data
S (a): Simulation results considering all inhibitions
S (b): Simulation results not considering "crossover" inhibitions
S (c): Simulation results considering no inhibitions

CP
Loading
(mg/g
glucan)

35.5
± 0.8
48.8
± 0.1
56.5
± 0.9

E

62.07

47.36

37.16

S (a)

67.76

50.88

38.85

S (b)

95.75

67.54

44.30

S (c)

% Glucan conversion (48h)

26.4
± 0.1
28.8
± 0.4
34.6
± 0.8

E

45.91

30.90

18.13

S (a)

49.17

33.37

19.65

S (b)

73.53

49.39

26.23

S (c)

% Xylan conversion (48h)

Table 3.2 Simulation results compared with experimental data from Banerjee et al. (2010a)
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Cellulose conversion
(simulation&
experiment)

35.2%
45%
65%
85%

Stage

1

2

3

4

85%

80%

70%

55%

Hemicellulose
conversion
(experiment)

89.16%

79.07%

63.55%

53.58%

Hemicellulose
conversion
(simulation)

15.5

14.7

19.3

18.7

CBH I adsorption
[mg/g solids]
(experiment)

9.6

16.1

17.5

17.2

CBH I adsorption
[mg/g solids]
(simulation)

Table 3.3 Simulation results compared with experimental data from Kumar and Wyman (2009)

Figures

Figure 3.1 Structural illustration of cellulose and hemicelluloses in substrates. The core is crystalline cellulose
elementary fibril (CEF). The size (i.e. the number of cellulose chains contained) and shape of the CEF are still in debate.
The stricture model of CEF shown here is the 36-chain square shape model. Other models of CEF are not listed here.
There is no close relationship between the structure of SAC and CEF
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Figure 3.2 Structural illustration of cellulose and hemicelluloses in substrates. The core is crystalline cellulose
elementary fibril (CEF). The size (i.e. the number of cellulose chains contained) and shape of the CEF are still in debate.
The stricture model of CEF shown here is the 36-chain square shape model. Other models of CEF are not listed here.
There is no close relationship between the structure of SAC and CEF
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Figure 3.3 Schematic illustration of the partitioning of an SAC into elementary layers. Each layer is represent by a λvalue such that the layer with the highest λ-value is the first (i.e. outermost) to be removed due to solubilization by
attacking enzymes during hydrolysis. The SACs of same geometric class have a same highest λ-value
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Figure 3.4(a) Example of using Ui and Si to represent the chains of cellulose, arabinoglucuronoxylan and galactoglucomannan in hemicellulose-cellulosic substrate. The
chain length is 11 for each component. U1, U2 and U3 represent the D-glucose units, D-xylose units and D-mannose units respectively. S1, S2 and S3 represent three
types of side groups: D-galactose, D-glucuronic acid and L-arabinose
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Figure 3.4(b) Example of using Uij to represent the bonds and the distribution of the site types along all the backbones shown in Figure 3.4(a). The maximum number
of bond types could be 32=9, but only 5 types actually exist. The average probability for certain type of bonds appearing on the backbones of certain type of chain depends
on the monomer composition of the chain

Figure 3.5 Simulation results compared with experimental data from Qing and Wyman (2011b). Solid lines represent
simulations results of cellulose conversion. Dash lines represent simulations results of xylan conversion. Filled circles
represent experimental data of cellulose conversion. Blank circles represent experimental data of xylan conversion
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Figure 3.6 Model results testing the impact of initial substrate composition on hydrolysis. The total substrate loading is
0.2g in 10 mL reaction volume with CP (16.1 mg protein/g glucan) and BG (3.16 mg protein/g glucan) for all three cases.
The initial percentages of cellulose and xylan are shown in figures

Figure 3.7 Model results using two different groups of values of accessibility. The total substrate loading is 0.2g in 10
mL reaction volume with CP (16.1 mg protein/g glucan) and BG (3.16 mg protein/g glucan) for both two cases. The
initial percentages of substrate components for two cases are 5.7% for xylan and 57.6% for cellulose. The #1 accessibility
set is: 0.0530 (cellulose); 0.5337 (xylan) and 0.1051 (total). The #2 accessibility set is: 0.2270 (cellulose); 0.0381 (xylan)
and 0.2066 (total)
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Supporting Information (SI)
Section A: SAC Geometric Functions
The expression of 𝑥𝑥𝑉𝑉 (𝜆𝜆) can be written as

𝑥𝑥𝑉𝑉 (𝜆𝜆) = 𝐵𝐵𝑉𝑉 𝜆𝜆𝑑𝑑𝐴𝐴

(A.1)

where 𝑑𝑑𝐴𝐴 is the ablation dimension and 𝐵𝐵𝑉𝑉 is the molar volume prefactor. 𝑥𝑥𝑉𝑉 is dependent

on λ with a simple power law. The assumed power low behavior 𝑥𝑥𝑉𝑉 (𝜆𝜆) ∝ 𝜆𝜆𝑑𝑑𝐴𝐴 shows that
the shape of SAC will be preserved during hydrolysis (Zhou et al., 2009). To keep track of
monomer units exposed on the SAC surface, we have
𝑥𝑥𝑀𝑀 (𝜆𝜆) = 𝑥𝑥𝑉𝑉 (𝜆𝜆) − 𝑥𝑥𝑉𝑉 (𝜆𝜆 − 1)𝛩𝛩(𝜆𝜆 − 1)

(A.2a)

with
1,
𝜆𝜆 > 1
𝛩𝛩(𝜆𝜆 − 1) = �
0, 0 < 𝜆𝜆 ≤ 1

(A.2b)

To represent the random distribution of SAC sizes, we use the parameter of SAC geometric
class, which is labeled by σ with σ=1, 2..., MMD where MMD is the population size of SAC
geometric classes. So that 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆), the total concentration of monomer units contained in

class-σ SACs, and 𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆) , the concentration of enzyme-accessible monomer units
exposed on the surfaces of class-σ SACs are given by
𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 𝐵𝐵𝑉𝑉,𝜎𝜎 𝜆𝜆𝑑𝑑𝐴𝐴,𝜎𝜎

(A.3)

𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) − 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 − 1)𝛩𝛩(𝜆𝜆𝜎𝜎 − 1)
73

(A.4a)

with
1,
𝜆𝜆𝜎𝜎 > 1
𝛩𝛩(𝜆𝜆𝜎𝜎 − 1) = �
0, 0 < 𝜆𝜆𝜎𝜎 ≤ 1

(A.4b)

where 𝐵𝐵𝑉𝑉,𝜎𝜎 is the molar volume prefactor for class-σ SACs, and 𝑑𝑑𝐴𝐴,𝜎𝜎 is the ablation

dimension factor for class-σ SACs. 𝑥𝑥𝑉𝑉,𝜎𝜎 and 𝑥𝑥𝑀𝑀,𝜎𝜎 must obey the relationships written as

𝑥𝑥𝑉𝑉 = ∑𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(A.5)

𝑥𝑥𝑀𝑀 = ∑𝜎𝜎 𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(A.6)

We use two parameters to describe the enzyme accessibility, which are 𝐹𝐹�𝐴𝐴 , the overall
fraction of enzyme-accessible monomer units, and𝐹𝐹𝐴𝐴,𝜎𝜎 , the fraction of enzyme-accessible
monomer units for the class-σ SACs. Their expressions are given by
𝐹𝐹𝐴𝐴,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) =

𝑥𝑥𝑀𝑀,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(A.7)

𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

𝑥𝑥
𝐹𝐹�𝐴𝐴 = 𝑥𝑥𝑀𝑀 = ∑𝜎𝜎 𝜉𝜉𝜎𝜎 𝐹𝐹𝐴𝐴,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(A.8)

𝑉𝑉

where 𝜉𝜉𝜎𝜎 ≡ 𝑥𝑥𝑉𝑉,𝜎𝜎 /𝑥𝑥𝑉𝑉 . The value of 𝐹𝐹�𝐴𝐴 can be directly observed before enzymatic hydrolysis
(0)

and used as an initial input value, that is, 𝐹𝐹�A , in the model, and decide the initial value of
𝜉𝜉𝜎𝜎 . We use the assumption of the Gaussian distribution for the total molar concentration of

monomer units per geometric class, and then have
(0)

Λ𝜎𝜎 −𝛬𝛬𝐴𝐴𝐴𝐴𝐴𝐴 2
𝛬𝛬 −𝛬𝛬
∑σ exp �−( 𝜎𝜎 𝐴𝐴𝐴𝐴𝐴𝐴 )2 /2�
)
/2�
/
Λ𝑊𝑊𝑊𝑊𝑊𝑊
𝛬𝛬𝑊𝑊𝑊𝑊𝑊𝑊

𝜉𝜉A = exp �−(
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(A.9)

By adjusting the two Gaussian distribution parameters 𝛬𝛬𝐴𝐴𝐴𝐴𝐴𝐴 and 𝛬𝛬𝑊𝑊𝑊𝑊𝑊𝑊 , a proper initial
distribution of the molar monomer concentration per geometry class can be obtained to
(0)

match the value of 𝐹𝐹�A .
Section B: Derivation of Surface Layer Ablation Rate Equations
In order to derive the surface layer ablation rate equations, we first define −𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 > 0 as

the loss rate of type-μ sites belonging to type-ρ chains exposed on class-σ SAC surfaces,

and −𝑅𝑅�𝜎𝜎 > 0 as the total loss rate of monomer units exposed on class-σ SAC surfaces into
solution. So that we can obtain

𝑑𝑑
𝑅𝑅�𝜎𝜎 = ∑𝜇𝜇,𝜌𝜌 𝜔𝜔𝜇𝜇 𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑑𝑑𝑑𝑑 𝑥𝑥𝑉𝑉,𝜎𝜎 �𝜆𝜆𝜎𝜎 (𝑡𝑡)� = 𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 (𝜆𝜆𝜎𝜎 )𝜆𝜆̇𝜎𝜎

(B.1)

where 𝜕𝜕𝜆𝜆𝜎𝜎 is shorthand for the derivative 𝜕𝜕/𝜕𝜕𝜆𝜆𝜎𝜎 . The removal of a small fraction of a layer
(𝑓𝑓𝑓𝑓𝑓𝑓)

during a short time interval 𝑑𝑑𝑑𝑑 will result in a removal of −𝑑𝑑𝑥𝑥𝑉𝑉,𝜎𝜎

= −𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 𝑑𝑑𝜆𝜆𝜎𝜎

monomer units from the SAC surface by chain fragmentation and then result in a change
(𝑓𝑓𝑓𝑓𝑓𝑓)

of SAC exposed surface area by 𝑑𝑑𝑥𝑥𝑀𝑀,𝜎𝜎 = 𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑀𝑀,𝜎𝜎 𝑑𝑑𝜆𝜆𝜎𝜎 monomer units. The net
concentration of newly exposed monomer units at the surface, resulting from the removal
of overlaying monomer units and the change of surface area, is thus
(𝑒𝑒𝑒𝑒𝑒𝑒)

(𝑓𝑓𝑓𝑓𝑓𝑓)

𝑑𝑑𝑥𝑥𝑀𝑀,𝜎𝜎 = −𝑑𝑑𝑥𝑥𝑉𝑉,𝜎𝜎

(𝑓𝑓𝑓𝑓𝑓𝑓)

+ 𝑑𝑑𝑥𝑥𝑀𝑀,𝜎𝜎 = −�𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 − 𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑀𝑀,𝜎𝜎 �𝑑𝑑𝜆𝜆𝜎𝜎

= −𝑅𝑅�𝜎𝜎 �1 − 𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑀𝑀,𝜎𝜎 /𝜕𝜕𝜆𝜆𝜎𝜎 𝑥𝑥𝑉𝑉,𝜎𝜎 �𝑑𝑑𝑑𝑑

(B.2)
Based on Eq. (B.2), the net concentration of newly exposed sites is given by
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(𝑒𝑒𝑒𝑒𝑒𝑒)

(𝑒𝑒𝑒𝑒𝑒𝑒)

𝑑𝑑𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑑𝑑𝑥𝑥𝑀𝑀,𝜎𝜎 𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 − 1)𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 )

(B.3)

where 𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) is the native site fraction functions representing the fraction of type-μ

sites contained in type-ρ chains in the interior of the class-σ SACs. 𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) can be

treated as a layer–independent parameter, which means 𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) ≡ 𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝛬𝛬𝜎𝜎 ) = 𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 .

In addition, we denote 𝑔𝑔𝐸𝐸,𝜌𝜌,𝜎𝜎 as the native L-end (or R-end) broken site fraction of type-ρ
chains in class-σ SACs, which has such relationship ∑𝑖𝑖 𝑔𝑔𝐿𝐿𝑈𝑈 ,𝜌𝜌,𝜎𝜎 = ∑𝑖𝑖 𝑔𝑔𝑅𝑅𝑈𝑈 ,𝜌𝜌,𝜎𝜎 = 𝑔𝑔𝐸𝐸,𝜌𝜌,𝜎𝜎 and
𝑖𝑖

can be obtained from the degree of polymerization of type-ρ chains 𝐷𝐷𝐷𝐷𝜌𝜌 .

𝑖𝑖

(𝑓𝑓𝑓𝑓𝑓𝑓)

Combining the surface exposure contribution 𝑑𝑑𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 with the surface fragmentation
(𝑓𝑓𝑓𝑓𝑓𝑓)

contribution 𝑑𝑑𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 given by
(𝑓𝑓𝑓𝑓𝑓𝑓)

𝑑𝑑𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑅𝑅𝜇𝜇,𝜌𝜌,𝜎𝜎 𝑑𝑑𝑑𝑑

(B.4)
(𝑓𝑓𝑓𝑓𝑓𝑓)

we can obtain the net increment of type-μ surface sites, that is, 𝑑𝑑𝑑𝑑𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑑𝑑𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 +
(𝑒𝑒𝑒𝑒𝑒𝑒)

𝑑𝑑𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 , and the rate function Equation (3a). Then from Eq. (B.1) we can immediately
obtain the changing rate of 𝜆𝜆𝜎𝜎 , which is Equation (3b).

Section C: Enzyme Adsorption and Inhibition Equilibriums
The first step for an enzyme molecule to cut an intact bond is to form an enzyme–substrate
(ES) complex, that is, to adsorb a bond site exposed on SAC surfaces. The cutting rate for
a intact bond site of type μ in a chain belonging to type ρ, having already adsorbed an
enzyme molecule on the surface of an SAC belonging class σ, is thus given by the product
of rate coefficient and ES complex concentration, 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 . Here κ represents the type
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of enzymes; 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 represents the concentration of (𝜅𝜅, 𝜇𝜇, 𝜌𝜌) ES complexes on class-σ SAC
surfaces; and 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 represents the cutting rate coefficient (in the unit of cuts per second per

ES complex), which is identical for all the geometric classes. It is assumed that the ES
complex formation process is much faster than the bond cutting kinetics. Therefore, the
enzyme adsorption quasi-equilibrium is maintained at the SAC surfaces during hydrolysis
and given by
𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝐿𝐿𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑣𝑣𝜅𝜅 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎

(C.1)

where 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 is the molar concentration of free type-μ sites contained in type-ρ chains on

class-σ SAC surfaces, 𝑣𝑣𝜅𝜅 is the concentration of free type-κ enzymes and 𝐿𝐿𝜅𝜅,𝜇𝜇,𝜌𝜌 is the
substrate adsorption coefficient which is the inverse of the conventional desorption
equilibrium coefficient.
As hydrolysis proceeds, some enzyme molecules may also be inhibited by soluble
oligomers to form enzyme-oligomer (EO) complexes in solution. This type of enzyme
adsorption equilibrium in solution can be written as
𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙) = 𝐼𝐼𝜅𝜅,𝜌𝜌 (𝑙𝑙)𝑣𝑣𝜅𝜅 𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙)

(C.2)

with 1 ≤ 𝑙𝑙 < 𝑙𝑙𝑆𝑆,𝜌𝜌 . Here, 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙) is the concentration of (𝜅𝜅, 𝜌𝜌, 𝑙𝑙) EO complexes in which

each oligomer contains 𝑙𝑙 monomer units, 𝐼𝐼𝜅𝜅,𝜌𝜌 (𝑙𝑙) is the oligomer adsorption coefficient;

𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙) is the molar concentration of free oligomers contained 𝑙𝑙 monomer units and
dissolved from type-ρ chains, and 𝑣𝑣𝜅𝜅 is the same parameter as in Equation (C.1). As

described in Supporting Information section B, 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 and 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙) can be calculated and
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expressed in terms of 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 and 𝑥𝑥𝑆𝑆,𝜌𝜌 (𝑙𝑙) by solving enzyme adsorption and inhibition
equations.

The construction of 𝑅𝑅𝑆𝑆,𝜌𝜌 (𝑙𝑙) describes the reactions between oligomers and beta-enzymes

and requires the solutions of the enzyme adsorption and inhibition equilibriums. In this
model, the reaction mechanism of beta-enzymes in solution is simplified as: a free oligomer

which contains 𝑙𝑙 monomer units can adsorb and be hydrolyzed by its corresponding beta-

enzymes into a monomer unit and an oligomer containing 𝑙𝑙 − 1 monomer unit(s). So the
expression of 𝑅𝑅𝑆𝑆,𝜌𝜌 (𝑙𝑙) can be written as
𝑙𝑙

−1

𝑆𝑆,𝜌𝜌
𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙) ∙ 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙),
⎧𝛾𝛾𝜅𝜅,𝜌𝜌 (2) ∙ 𝑧𝑧𝜅𝜅,𝜌𝜌 (2) + ∑2
⎪
𝑅𝑅𝑆𝑆,𝜌𝜌 (𝑙𝑙) = −𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙) ∙ 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙) + 𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙 + 1) ∙ 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙 + 1),
⎨
⎪
⎩ −𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙) ∙ 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙),

𝑙𝑙 = 1

2 ≤ 𝑙𝑙 ≤ 𝑙𝑙𝑆𝑆,𝜌𝜌 − 2

(C.3)

𝑙𝑙 = 𝑙𝑙𝑆𝑆,𝜌𝜌 − 1

where 𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙) is the oligomer cutting rate coefficient. Note that in this model, only beta-

enzymes could hydrolyze oligomers in solution after forming EO complexes with them in
solution. So for endo- and exo- enzymes, their corresponding values of 𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙) are 0, which
means they are inhibited by forming EO complexes with oligomers. And for any monomer

unit, 𝛾𝛾𝜅𝜅,𝜌𝜌 (1) is also 0 which means all the enzymes will inevitably be inhibited by
monomer units during hydrolysis. Furthermore, both the cutting rate coefficient 𝛾𝛾𝜅𝜅,𝜌𝜌 (𝑙𝑙) and

the oligomer adsorption coefficient 𝐼𝐼𝜅𝜅,𝜌𝜌 (𝑙𝑙) have two dimensions representing the enzyme

types and the chain types.
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The free enzyme and surface site concentrations 𝑣𝑣𝜅𝜅 and𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 are related to their total
concentrations 𝑢𝑢𝜅𝜅 and 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 , respectively, by way of the total enzyme and total site balance

relations:

𝑢𝑢𝜅𝜅 = 𝑣𝑣𝜅𝜅 + ∑𝜇𝜇,𝜌𝜌,𝜎𝜎 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 + ∑𝜌𝜌,𝑙𝑙 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙)

(C.4)

𝑥𝑥𝑆𝑆,𝜌𝜌 (𝑙𝑙) = 𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙) + ∑𝜅𝜅 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙)

(C.5)

̅
𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 + ∑𝜅𝜅 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 + ∑𝜅𝜅,𝜇𝜇′ ,𝜌𝜌′ 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎
𝛽𝛽𝜅𝜅 𝑧𝑧𝜅𝜅,𝜇𝜇′ ,𝜌𝜌′ ,𝜎𝜎

(C.6)

̅
where 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎
=𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 /𝑥𝑥𝑀𝑀,𝜎𝜎 . The last term in the Equation (C.6) arises from the fact that the

footprint area of a surface-adsorbed enzyme molecule is far greater than the average surface
area of a bond site. Hence, a type-κ enzyme molecule, bound to a type-μ' surface site, will
in effect cover up, and obstruct access to some number (𝛽𝛽𝜅𝜅 ) of other surface sites that are

located in spatial proximity to the type-μ' binding site. Due to the current lack of value of
𝛽𝛽𝜅𝜅 for each type enzymes discussed in this work, we simply use the value of cellulase, that
is, 39, for all the enzymes.

Equations. (C.1), (C.2), (C.4), (C.5) and (C.6) can then be solved simply by iteration in
order for 𝑣𝑣𝜅𝜅 , 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 , 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 and 𝑧𝑧𝜅𝜅,𝜌𝜌 (𝑙𝑙). Combining the mass action and balance relations,

the general form of enzyme adsorption and inhibition equilibrium can be shown as
𝑢𝑢𝜅𝜅

𝑣𝑣𝜅𝜅 = 1+∑

(C.7)

𝜇𝜇,𝜌𝜌,𝜎𝜎 𝐿𝐿𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 +∑𝜌𝜌,𝑙𝑙 𝐼𝐼𝜅𝜅,𝜌𝜌 (𝑙𝑙)𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙)

𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙) =

𝑥𝑥𝑆𝑆,𝜌𝜌 (𝑙𝑙)

(C.8)

1+∑𝜅𝜅 𝐼𝐼𝜅𝜅,𝜌𝜌 (𝑙𝑙)𝑣𝑣𝜅𝜅
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𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎

𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝜒𝜒

𝜇𝜇,𝜌𝜌 (1+∑𝜇𝜇′ ,𝜌𝜌′ 𝜃𝜃𝜇𝜇′ ,𝜌𝜌′ ,𝜎𝜎 𝜓𝜓𝜇𝜇′ ,𝜌𝜌′ )

(C.9)

𝜒𝜒𝜇𝜇,𝜌𝜌 = 1 + ∑𝜅𝜅 𝐿𝐿𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑣𝑣𝜅𝜅

(C.10)

𝜓𝜓𝜇𝜇,𝜌𝜌 = ∑𝜅𝜅 𝛽𝛽𝜅𝜅 𝐿𝐿𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑣𝑣𝜅𝜅

(C.11)

𝜃𝜃𝜇𝜇′ ,𝜌𝜌′ ,𝜎𝜎 = 𝜒𝜒

(C.12)

𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎

𝜇𝜇,𝜌𝜌 𝑥𝑥𝑀𝑀,𝜎𝜎

To calculate 𝑣𝑣𝜅𝜅 and 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 , as functions of 𝑢𝑢𝜅𝜅 and 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 this system of coupled non-linear

equations can be solved iteratively, starting from the initial guess
(0)

⎧ 𝑣𝑣𝜅𝜅 = 𝑢𝑢𝜅𝜅
(0)
𝑦𝑦𝑆𝑆,𝜌𝜌 (𝑙𝑙) = 𝑥𝑥𝑆𝑆,𝜌𝜌 (𝑙𝑙)
⎨ (0)
⎩ 𝑦𝑦𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎

(C.13)

Section D: Site Number Increments and Chain Site Distribution Model
Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ) can be expressed as
Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ) = 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) + 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘′) − 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘 + 𝑘𝑘′)

(D.1)

where 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) denotes the average number of type-μ sites per insoluble type-ρ chain of

class-σ SACs for 𝑘𝑘 ≥ 𝑙𝑙𝑆𝑆,𝜌𝜌 , with 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) ≡ 0 for 𝑘𝑘 < 𝑙𝑙𝑆𝑆,𝜌𝜌 , and Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ) is thus the
difference of the number of type-μ sites belonging to type-ρ chain caused by a cut.

The specific functional form of 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) depends on the distribution of site types along a
type-ρ chain. So we construct the site distribution model based on the assumption that O-

sites are randomly distributed with a uniform probability 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 over all (𝑙𝑙 − 1) intact
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bonds within a type-ρ chain. By straightforward site counting, we thus construct 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)

for any insoluble type-ρ chain with 𝑙𝑙 ≥ 𝑙𝑙𝑆𝑆,𝜌𝜌 = 7
(𝑙𝑙 − 1)𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎
⎧
⎪ 𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌
𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌 𝜑𝜑𝑈𝑈𝑗𝑗,𝜌𝜌
⎨
(𝑙𝑙 − 3)�1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌 𝜑𝜑𝑈𝑈𝑗𝑗,𝜌𝜌
⎪
⎩𝑙𝑙𝜑𝜑𝐽𝐽𝑖𝑖 ,𝜌𝜌

, 𝜇𝜇 = 𝑂𝑂
, 𝜇𝜇 = 𝐿𝐿𝑈𝑈𝑖𝑖 , 𝑅𝑅𝑈𝑈𝑖𝑖

, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖

(D.2)

, 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖
, 𝜇𝜇 = 𝐽𝐽𝑖𝑖

Here, 𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌 is the average molar ratio of the type-i monomer units to all the monomer units

contained in the backbone of a type-ρ chain, and 𝜑𝜑𝐽𝐽𝑖𝑖 ,𝜌𝜌 is the average molar ratio of the
type-Ji side groups to all the monomer units contained in the backbone of a type-ρ chain.

Both of them actually characterize the natural composition of the type-ρ chains which can
be easily obtained from literature and used in the model. Based on Equations (D.1) and
(D.2),we can easily obtain the detailed expression of Δ𝑁𝑁𝜇𝜇′ ,𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ ).
Section E: Derivation of Chain Fragmentation Probabilities
This section shows the derivation of how to express 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) in terms of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)

and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1). Here, 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) is defined as the probability of a randomly selected

insoluble type-ρ chain, exposed on a class-σ SAC surface, to contain 𝑙𝑙 monomer units, and
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) is the probability for a randomly selected intact bond to be of site type μ
on a type-ρ chain, provided that the site is located 𝑘𝑘 monomer units from the L-end and 𝑘𝑘 ′

monomer units from the R-end of the type-ρ chain. 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) describes the
distribution of different site types along a type-ρ chain (relative to the chain ends).
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In order to express 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) in terms of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1), first, let us
consider a random sample of type-ρ chains, with random chain lengths and a very large

sample size NL →∞. Let these NL type-ρ chains be concatenated, in random order, into a
"super type-ρ chain" where the R-end of each individual chain is connected to the L-end
of its right neighbor chain by a fictitious bond, referred to as a "−1-bond", and the real
internal bonds between monomer units contained in each chain are referred to as "+1bonds". Hence, we are assigning to each bond site on the "super type-ρ chain" a "bond
integrity" variable ζ, with 𝜁𝜁 = +1 for intact bond site types 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 and O, and 𝜁𝜁 =

−1 for broken bond site types 𝐿𝐿𝑈𝑈𝑖𝑖 and 𝑅𝑅𝑈𝑈𝑖𝑖 between adjacent chain ends (i.e. for a pair of
adjacent L, R-sites).

Then, let us consider the average chain length for type-ρ main chains ⟨𝑙𝑙⟩𝜌𝜌,𝜎𝜎 , that is, the
average degree of polymerization (DP), for type-ρ chains exposed on class-σ SAC surfaces.

⟨𝑙𝑙⟩𝜌𝜌,𝜎𝜎 can be expressed in terms of the L-end broken site fraction of type-ρ chains 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 ,
or the concentration of type-ρ chain 𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎 , given by
⟨𝑙𝑙⟩𝜌𝜌,𝜎𝜎 = ∑∞
𝑙𝑙=1 𝑙𝑙𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) = 𝑓𝑓

1

𝐸𝐸,𝜌𝜌,𝜎𝜎

= 𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 /𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎

(E.1)

In Equation (E.1), 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 comes from the site type fractions 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 , which is, for any site type
belonging to type-ρ chains on class-σ SAC surfaces, defined by
𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 = 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 /𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎

(E.2)

Based on the "uniform segment exposure" assumption (Zhou et al., 2009), the number of
left chain ends must equal the number of right chain ends, that is ∑𝑖𝑖 𝑥𝑥𝐿𝐿𝑈𝑈 ,𝜌𝜌,𝜎𝜎 = ∑𝑖𝑖 𝑥𝑥𝑅𝑅𝑈𝑈 ,𝜌𝜌,𝜎𝜎 =
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𝑖𝑖

𝑖𝑖

𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎 . Also, because of the relationship between 𝐿𝐿𝑈𝑈𝑖𝑖 and 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 site groups, and between 𝑅𝑅𝑈𝑈𝑖𝑖
and 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 site groups, we can get ∑𝑖𝑖 𝑓𝑓𝐿𝐿𝑈𝑈 ,𝜌𝜌,𝜎𝜎 = ∑𝑖𝑖,𝑗𝑗 𝑓𝑓𝑋𝑋𝑈𝑈
∑𝑖𝑖,𝑗𝑗 𝑓𝑓𝑌𝑌𝑈𝑈

𝑖𝑖𝑖𝑖

𝑖𝑖

,𝜌𝜌,𝜎𝜎

𝑖𝑖𝑖𝑖

,𝜌𝜌,𝜎𝜎

/(1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 ) and ∑𝑖𝑖 𝑓𝑓𝑅𝑅𝑈𝑈 ,𝜌𝜌,𝜎𝜎 =

/(1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 ), so that 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 can be expressed as

𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 = ∑𝑖𝑖 𝑓𝑓𝐿𝐿𝑈𝑈 ,𝜌𝜌,𝜎𝜎 = ∑𝑖𝑖 𝑓𝑓𝑅𝑅𝑈𝑈 ,𝜌𝜌,𝜎𝜎
𝑖𝑖

𝑖𝑖

(E.3)

𝑖𝑖

Next, we denote 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) as the probability that a bond randomly selected from the

"super type-ρ chain" is a ζ-bond, where ζ is either +1 or −1, and that this randomly selected
ζ-bond will be located 𝑘𝑘 ≥ 1 monomer units from its nearest L-end and be located 𝑘𝑘′ ≥ 1
monomer units from its nearest R-end. The expression of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) is given by:

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , +1) = 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘 + 𝑘𝑘 ′ )
�
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , −1) = 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘′)

(E.4)

This can be derived from the "super type-ρ chain" construction as follows: for 𝜁𝜁 = +1,

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , +1) is a joint probability for two conditions meeting at the same time: the first

one is that the bond located 𝑘𝑘 monomer units to the left of the randomly selected ζ-bond

should be a "−1-bond"; the second one is that the adjacent 𝑘𝑘 + 𝑘𝑘 ′ monomer units to the
right of that "−1-bond" should form a single contiguous chain of length 𝑙𝑙 = 𝑘𝑘 + 𝑘𝑘 ′ . The

probabilities for these two conditions are 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘 + 𝑘𝑘 ′ ), respectively, hence the
joint probability 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , +1) is the product of 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘 + 𝑘𝑘 ′ ). For ζ = −1,
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , −1) can be derived by a similar way. And it can be easily verified that
∑𝑘𝑘,𝑘𝑘 ′ ,𝜁𝜁 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) = 1.
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Next, we introduce the conditional site type probability, given the type-ρ chain fragments,
denoted by 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) which is the probability for a randomly selected "super type-ρ
chain" bond to be of site type μ, given that the randomly selected bond is a ζ-bond; and
given that it is located 𝑘𝑘 and 𝑘𝑘 ′ monomer units from its nearest "−1-bond" to the left and

to the right, respectively. Just like 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘), the conditional type-ρ chain site probabilities

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) depend on the distribution of type-μ sites along the type-ρ chains. In fact,

for purposes of the fragmentation kinetics 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) comprises the complete
mathematical description of the chain site distribution model. The values of
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) and 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) are not independent of each other: for any type-ρ chain site

distribution, 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) must be normalized to ∑𝜇𝜇 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) = 1 , and
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) and 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) must obey the following general chain site number

counting relations for all intact bond site types:

𝑙𝑙−1
𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = 𝛩𝛩�𝑙𝑙 − 𝑙𝑙𝑆𝑆,𝜌𝜌 + 1� ∑𝑘𝑘=1
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑙𝑙 − 𝑘𝑘, +1)

(E.5a)

for 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑂𝑂 with
1,
𝛩𝛩(𝛥𝛥𝛥𝛥) ≡ �
0,

𝛥𝛥𝛥𝛥 > 0
𝛥𝛥𝛥𝛥 ≤ 0

(E.5b)

where 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) completely determines 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) for site groups 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑂𝑂.

Based on the chain site model 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙), we thus assign the site groups 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑂𝑂 of
the intact type-ρ chain bonds to the corresponding "super type-ρ chain +1-bonds", while

formally 𝐿𝐿𝑈𝑈𝑖𝑖 and 𝑅𝑅𝑈𝑈𝑖𝑖 are randomly assigned to each "super type-ρ chain −1-bond" with
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probability 𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 /2 corresponding to 𝜔𝜔𝜇𝜇 = 1/2 for site groups formally 𝐿𝐿𝑈𝑈𝑖𝑖 and 𝑅𝑅𝑈𝑈𝑖𝑖 .
Then 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) can be written as
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , 𝜁𝜁) =

𝛿𝛿𝜁𝜁,+1 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎
⎧
𝛿𝛿𝜁𝜁,−1 𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 ⁄2
, 𝜇𝜇
⎪
⎪
𝛿𝛿𝜁𝜁,+1 𝛿𝛿𝑘𝑘,𝑘𝑘𝑋𝑋,𝜌𝜌 �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎
⎨ 𝛿𝛿𝜁𝜁,+1 𝛿𝛿 ′
𝑘𝑘 ,𝑘𝑘𝑌𝑌,𝜌𝜌 �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎
⎪
⎪
⎩𝛿𝛿𝜁𝜁,+1 �1 − 𝛿𝛿𝑘𝑘,𝑘𝑘𝑋𝑋,𝜌𝜌 � �1 − 𝛿𝛿𝑘𝑘 ′ ,𝑘𝑘𝑌𝑌,𝜌𝜌 � �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗,𝜌𝜌,𝜎𝜎

, 𝜇𝜇 = 𝑂𝑂
= 𝐿𝐿𝑈𝑈𝑖𝑖 , 𝑅𝑅𝑈𝑈𝑖𝑖
, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖
, 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖

(E.6)

, 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖

Finally, we can construct the conditional type-ρ fragmentation probability, given the site
type, 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, 𝜁𝜁), defined as the probability for a randomly selected bond in "super
type-ρ chain" to be located 𝑘𝑘 and 𝑘𝑘 ′ monomer units from its nearest "−1-bond" to the left

and to the right, respectively, given that the bond is a ζ-bond and that it is of site type μ.
By Bayes’ theorem, we have

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, 𝜁𝜁) =

𝑃𝑃𝜌𝜌,𝜎𝜎 �𝜇𝜇 �𝑘𝑘, 𝑘𝑘

′

, 𝜁𝜁 �𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘,𝑘𝑘 ′ ,𝜁𝜁)

(E.7)

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇,𝜁𝜁)

where the unconditional site type probability 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇, 𝜁𝜁) is given by:
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇, 𝜁𝜁) = ∑𝑘𝑘,𝑘𝑘 ′ 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ , 𝜇𝜇, 𝜁𝜁) = �

𝛿𝛿𝜁𝜁,+1 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝑂𝑂
𝛿𝛿𝜁𝜁,−1 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 ⁄2
, 𝜇𝜇 = 𝐿𝐿𝑈𝑈𝑖𝑖 , 𝑅𝑅𝑈𝑈𝑖𝑖

(E.8)

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, 𝜁𝜁)is defined only when 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇, 𝜁𝜁) > 0. The fragmentation probabilities are

∞
′
normalized as ∑∞
𝑘𝑘=1 ∑𝑘𝑘 ′ =1 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 |𝜇𝜇, 𝜁𝜁) = 1 . So we obtain the expression of

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) in terms of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1), given by
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𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) =

𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎

𝑃𝑃 (𝜇𝜇|𝑘𝑘, 𝑘𝑘
𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 𝜌𝜌,𝜎𝜎

′

, +1)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘 + 𝑘𝑘 ′ )

(E.9)

�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) can be written as
By using Equation (E.9), the expression of 𝛥𝛥𝑁𝑁
�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘)
𝛥𝛥𝑁𝑁

𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎
⎧
�𝜑𝜑
𝜑𝜑
(1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )� �2 − 𝛿𝛿𝑘𝑘,𝑘𝑘𝑋𝑋,𝜌𝜌 − 𝛿𝛿𝑘𝑘,𝑘𝑘𝑌𝑌,𝜌𝜌 − 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑘𝑘 + 𝑘𝑘𝑋𝑋,𝜌𝜌 � − 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑘𝑘 + 𝑘𝑘𝑌𝑌,𝜌𝜌 �� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖
𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎
⎪
⎪𝑓𝑓
𝐸𝐸,𝜌𝜌,𝜎𝜎
�𝜑𝜑𝑈𝑈𝑖𝑖,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 (1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )� �𝛿𝛿𝑘𝑘,𝑘𝑘𝑋𝑋,𝜌𝜌 + 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑘𝑘 + 𝑘𝑘𝑋𝑋,𝜌𝜌 ��
, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖
=
⎨ 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎
⎪
⎪𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 �𝜑𝜑
, 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖
𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 (1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )� �𝛿𝛿𝑘𝑘,𝑘𝑘𝑌𝑌,𝜌𝜌 + 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑘𝑘 + 𝑘𝑘𝑌𝑌,𝜌𝜌 ��
⎩ 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎

(E.10)
� 𝝁𝝁′ ,𝝁𝝁,𝝆𝝆,𝝈𝝈
Section F: Detailed Expression of the Surface Sites Increment Factor 𝚫𝚫𝑵𝑵

86

87

𝑖𝑖 𝑗𝑗′

𝑖𝑖 𝑗𝑗′

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑘𝑘𝑋𝑋,𝜌𝜌 +

𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑌𝑌,𝜌𝜌 −1
∑𝑙𝑙=𝑙𝑙
(𝑙𝑙
𝑆𝑆,𝜌𝜌

𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑋𝑋,𝜌𝜌 −1
∑𝑙𝑙=𝑙𝑙
(𝑙𝑙
𝑆𝑆,𝜌𝜌

𝑖𝑖 𝑗𝑗′

𝑖𝑖 𝑗𝑗′

� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑌𝑌𝑈𝑈 ′

𝑖𝑖 𝑗𝑗′

� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑋𝑋𝑈𝑈 ′

𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎

1

𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎

′

𝑖𝑖 𝑗𝑗′

− 𝑘𝑘𝑋𝑋,𝜌𝜌 − 3)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑁𝑁𝑈𝑈 ′

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �2𝑙𝑙𝑆𝑆,𝜌𝜌 − 1 −

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �2𝑙𝑙𝑆𝑆,𝜌𝜌 − 1 −

1

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 � + 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 + 𝑘𝑘𝑌𝑌,𝜌𝜌 − 1��, 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 = 𝑌𝑌𝑈𝑈 ′

′

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 � + 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 + 𝑘𝑘𝑌𝑌,𝜌𝜌 − 1��, 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 = 𝑋𝑋𝑈𝑈 ′

′

𝑖𝑖 𝑗𝑗′

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 � + 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 + 𝑘𝑘𝑋𝑋,𝜌𝜌 − 1��, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 = 𝑌𝑌𝑈𝑈 ′

′

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 � + 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝑆𝑆,𝜌𝜌 + 𝑘𝑘𝑋𝑋,𝜌𝜌 − 1��, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑋𝑋𝑈𝑈 ′

𝐸𝐸,𝜌𝜌,𝜎𝜎
2
⎧𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 = −( 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 ) �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑖𝑖′ ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗′ ,𝜌𝜌,𝜎𝜎 (1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 ) �
⎪
𝑓𝑓
𝛱𝛱𝑂𝑂 = −( 𝐸𝐸,𝜌𝜌,𝜎𝜎) �𝜑𝜑𝑈𝑈𝑖𝑖,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 (1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �
𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎
⎨
𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎
⎪
) �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 (1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )𝜑𝜑𝐽𝐽,𝜌𝜌,𝜎𝜎 �
𝛱𝛱𝐽𝐽 = −(
𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎
⎩

𝑓𝑓

𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑘𝑘𝑌𝑌,𝜌𝜌 +
− 𝑘𝑘𝑌𝑌,𝜌𝜌 − 3)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 = 𝑁𝑁𝑈𝑈 ′ ′
𝑖𝑖 𝑗𝑗
⎨
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑋𝑋,𝜌𝜌 −1
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑌𝑌,𝜌𝜌 −1
3
2
�𝑘𝑘𝑋𝑋,𝜌𝜌 + 3 − 𝑙𝑙�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
�𝑘𝑘𝑌𝑌,𝜌𝜌 + 3 − 𝑙𝑙�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑁𝑁𝑈𝑈 ′ ′
⎪𝛱𝛱𝑁𝑁𝑁𝑁𝑁𝑁 �𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 + 𝑙𝑙𝑆𝑆,𝜌𝜌 − 7𝑙𝑙𝑆𝑆,𝜌𝜌 + 3 − 𝑘𝑘𝑋𝑋,𝜌𝜌 − 𝑘𝑘𝑌𝑌,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
𝑖𝑖 𝑗𝑗
⎪
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑋𝑋,𝜌𝜌 −1
′
𝛱𝛱𝑂𝑂 �𝑘𝑘𝑋𝑋,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
(𝑙𝑙 − 𝑘𝑘𝑋𝑋,𝜌𝜌 − 1)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 = 𝑂𝑂
⎪
⎪
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑌𝑌,𝜌𝜌 −1
𝛱𝛱𝑂𝑂 �𝑘𝑘𝑌𝑌,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
(𝑙𝑙 − 𝑘𝑘𝑌𝑌,𝜌𝜌 − 1)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑂𝑂
⎪
⎪
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑋𝑋,𝜌𝜌 −1
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑌𝑌,𝜌𝜌 −1
1
2
�𝑘𝑘𝑋𝑋,𝜌𝜌 + 1 − 𝑙𝑙�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
�𝑘𝑘𝑌𝑌,𝜌𝜌 + 1 − 𝑙𝑙�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝑂𝑂
⎪ 𝛱𝛱𝑂𝑂 �𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 + 𝑙𝑙𝑆𝑆,𝜌𝜌 − 3𝑙𝑙𝑆𝑆,𝜌𝜌 + 1 − 𝑘𝑘𝑋𝑋,𝜌𝜌 − 𝑘𝑘𝑌𝑌,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
⎪
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑋𝑋,𝜌𝜌 −1
(𝑙𝑙 − 𝑘𝑘𝑋𝑋,𝜌𝜌 )𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝐽𝐽𝑖𝑖
𝛱𝛱𝐽𝐽 �𝑘𝑘𝑋𝑋,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
⎪
⎪
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑌𝑌,𝜌𝜌 −1
𝛱𝛱𝐽𝐽 �𝑘𝑘𝑌𝑌,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
(𝑙𝑙 − 𝑘𝑘𝑌𝑌,𝜌𝜌 )𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝐽𝐽𝑖𝑖
⎪
⎪
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑋𝑋,𝜌𝜌 −1
𝑙𝑙𝑆𝑆,𝜌𝜌 +𝑘𝑘𝑌𝑌,𝜌𝜌 −1
𝛱𝛱𝐽𝐽 �𝑙𝑙𝑆𝑆,𝜌𝜌 2 − 𝑙𝑙𝑆𝑆,𝜌𝜌 − 𝑘𝑘𝑋𝑋,𝜌𝜌 − 𝑘𝑘𝑌𝑌,𝜌𝜌 + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
�𝑘𝑘𝑋𝑋,𝜌𝜌 − 𝑙𝑙�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) + ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌
�𝑘𝑘𝑌𝑌,𝜌𝜌 − 𝑙𝑙�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖 , 𝜇𝜇 ′ = 𝐽𝐽𝑖𝑖
⎩

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

(F.2)

(F.1)

Section G: Derivation of Production Factor of Oligomer
As 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) can be expressed in terms of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1), we can
obtain

′
′
′
�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) = 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 ∑∞
𝛥𝛥𝑁𝑁
𝑘𝑘 ′ =𝑙𝑙𝑆𝑆,𝜌𝜌 −𝑘𝑘�𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 , +1) + 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘 , 𝑘𝑘, +1)� 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘 + 𝑘𝑘) (G.1)
𝑓𝑓
𝜇𝜇,𝜌𝜌,𝜎𝜎

By using the "Chain End Decomposition" theory (Zhou et al., 2009) we can separate the
effects of the near-chain-end sites, which can be cut by both exo- and endo-enzymes, from
the chain interior sites, which can only be cut by endo-enzymes. 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) can then
be decomposed into left end (L), right end (R) and interior (I) contributions of the type-ρ
main chain, which can be written as
(𝐼𝐼)

(𝐿𝐿)

(𝑅𝑅)

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) = 𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 + 𝛩𝛩𝐿𝐿,𝜌𝜌 (𝑘𝑘)𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) + 𝛩𝛩𝑅𝑅,𝜌𝜌 (𝑘𝑘 ′ )𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘 ′ )

(G.2)

where 𝛩𝛩𝐿𝐿,𝜌𝜌 (𝑘𝑘) ≡ 𝛩𝛩(𝑙𝑙𝐿𝐿,𝜌𝜌 − 𝑘𝑘) and 𝛩𝛩𝑅𝑅,𝜌𝜌 (𝑘𝑘 ′ ) ≡ 𝛩𝛩(𝑙𝑙𝑅𝑅,𝜌𝜌 − 𝑘𝑘 ′ ) are the cut-off factors dividing
a type-ρ chain into three parts with 𝑙𝑙𝐿𝐿,𝜌𝜌 ≡ 𝑘𝑘𝑋𝑋,𝜌𝜌 + 1 and 𝑙𝑙𝑅𝑅,𝜌𝜌 ≡ 𝑘𝑘𝑌𝑌,𝜌𝜌 + 1. Also, 𝑘𝑘 ′ + 𝑘𝑘 >
(𝐼𝐼)

𝑙𝑙𝐿𝐿𝐿𝐿,𝜌𝜌 ≡ 𝑙𝑙𝐿𝐿,𝜌𝜌 + 𝑙𝑙𝑅𝑅,𝜌𝜌 − 1 and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1) = 𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 is independent of 𝑘𝑘 and 𝑘𝑘 ′ when

there are 𝑘𝑘 > 𝑙𝑙𝐿𝐿,𝜌𝜌 and 𝑘𝑘 ′ > 𝑙𝑙𝑅𝑅,𝜌𝜌 . Based on the functional form, we can obtain in detail the
values of three contributions for each hydrolysable intact bond site, shown as
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(𝐼𝐼)

𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 = �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎
⎧⎧
⎪ (𝐿𝐿)
⎪ 𝑃𝑃
𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) = −𝛿𝛿𝑘𝑘,𝑘𝑘𝑋𝑋,𝜌𝜌 �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖
⎪ ⎨ (𝑅𝑅)
(𝑘𝑘 ′ ) = −𝛿𝛿𝑘𝑘 ′ ,𝑘𝑘𝑌𝑌,𝜌𝜌 �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗,𝜌𝜌,𝜎𝜎
𝑃𝑃
⎪⎪
⎩ 𝜇𝜇,𝜌𝜌,𝜎𝜎
⎪
(𝐼𝐼)
𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 = 0
⎪⎧
(𝐿𝐿)

𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) = 𝛿𝛿𝑘𝑘,𝑘𝑘𝑋𝑋,𝜌𝜌 �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗,𝜌𝜌,𝜎𝜎

⎨⎨
(𝑅𝑅)
𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘 ′ ) = 0
⎪⎩
⎪
(𝐼𝐼)
𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 = 0
⎧
⎪⎪
(𝐿𝐿)
⎪
𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘) = 0
⎪⎨ (𝑅𝑅) ′
⎪
⎩⎩𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘 ) = 𝛿𝛿𝑘𝑘 ′ ,𝑘𝑘𝑌𝑌,𝜌𝜌 �1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �𝜑𝜑𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎

, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖

(G.3)

, 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖

�𝑆𝑆,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑘𝑘).
which then can be used to obtain the detailed expressions of 𝛥𝛥𝑁𝑁
Section H: Derivations of Chain Concentration Rate Equations and Rate Equations
Closure
In order to find the solution for 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) with 𝑙𝑙 ≤ 𝑙𝑙𝐶𝐶,𝜌𝜌 , a new rate equation system is
developed for type-ρ chains concentration variables 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) by defining 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) ≡

𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎 , with 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) ≡ 0 for 𝑙𝑙 < 𝑙𝑙𝑆𝑆,𝜌𝜌 . Here, 𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎 is the concentration of insoluble

type-ρ chains, as discussed in Supporting Information section D. All the surface site

concentration variables now could be expressed in terms of 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) by using 𝑥𝑥𝑀𝑀,𝜌𝜌,𝜎𝜎 =

∞
∑∞
𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌 𝑙𝑙𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) and 𝑥𝑥𝜇𝜇,𝜌𝜌,𝜎𝜎 = ∑𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) . Analogous to the site ablation rate

equations, the rate equations of 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) is given by

∞

𝐻𝐻̇𝜌𝜌,𝜎𝜎 (𝑙𝑙) = 𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑙𝑙) − 𝑅𝑅�𝜎𝜎 𝜂𝜂𝜎𝜎 (𝜆𝜆𝜎𝜎 )𝛷𝛷𝑀𝑀,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 − 1)𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑙𝑙, 𝜆𝜆𝜎𝜎 − 1)/ � 𝑗𝑗𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑗𝑗, 𝜆𝜆𝜎𝜎 − 1)
𝑗𝑗=𝑙𝑙𝑆𝑆,𝜌𝜌

(H.1)
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where 𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑙𝑙) is the changing rate of type-ρ chains of length 𝑙𝑙 due to bonds cutting, and

the second term of the equation above gives the rate of exposure of new type-ρ chains due

to the removal of overlaying material. 𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑙𝑙, 𝜆𝜆𝜎𝜎 ) is the type-ρ chain length distribution of
the native substrate material in each layer of class-σ SACs, which obeys the delta-function

native type-ρ chain length distribution 𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑙𝑙, 𝜆𝜆𝜎𝜎 ) ≡ 𝛿𝛿𝑙𝑙,𝐷𝐷𝐷𝐷𝜌𝜌 . 𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑙𝑙, 𝜆𝜆𝜎𝜎 ) has a close
relationship with the native site fraction 𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 , which is given by
𝑔𝑔𝐸𝐸,𝜌𝜌,𝜎𝜎 = 1/ �∑∞
𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌 𝑙𝑙𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑙𝑙, 𝜆𝜆𝜎𝜎 )�

(H.2)

𝑔𝑔𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝜆𝜆𝜎𝜎 ) = 𝑔𝑔𝐸𝐸,𝜌𝜌,𝜎𝜎 ∑∞
𝑙𝑙=𝑙𝑙𝑆𝑆,𝜌𝜌 𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)𝑄𝑄𝜌𝜌,𝜎𝜎 (𝑙𝑙, 𝜆𝜆𝜎𝜎 )

(H.3)

As described in Supporting Information section G, 𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑘𝑘) can be written by
∞

′)

∞

∞

𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = − � 𝑅𝑅𝜌𝜌,𝜎𝜎 (𝑙𝑙 → 𝑘𝑘, 𝑘𝑘 + � � �𝑅𝑅𝜌𝜌,𝜎𝜎 (𝑗𝑗 → 𝑘𝑘, 𝑙𝑙) + 𝑅𝑅𝜌𝜌,𝜎𝜎 (𝑗𝑗 → 𝑙𝑙, 𝑘𝑘)�
𝑘𝑘,𝑘𝑘 ′ =1

𝑘𝑘=1 𝑗𝑗=𝑙𝑙+1

(H.4)
with
𝑅𝑅𝜌𝜌,𝜎𝜎 (𝑙𝑙 → 𝑘𝑘, 𝑘𝑘 ′ ) = ∑𝜅𝜅,𝜇𝜇 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1)𝛿𝛿𝑙𝑙,𝑘𝑘+𝑘𝑘 ′

(H.5)

𝑅𝑅𝜌𝜌,𝜎𝜎 (𝑙𝑙 → 𝑘𝑘, 𝑘𝑘 ′ ) is denoted as the rate at which surface-exposed type-ρ chains of length 𝑙𝑙

on class-σ SACs are being cut into two type-ρ chain fragments of length 𝑘𝑘 and 𝑘𝑘 ′ , from

the L-end and R-end of the original type-ρ chains respectively. As 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘, 𝑘𝑘 ′ |𝜇𝜇, +1) can be

expressed in terms of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝜇𝜇|𝑘𝑘, 𝑘𝑘 ′ , +1), we can rewrite 𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑙𝑙) as
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�𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)
𝑅𝑅𝐻𝐻,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = ∑𝜅𝜅,𝜇𝜇 𝛾𝛾𝜅𝜅,𝜇𝜇,𝜌𝜌 𝑧𝑧𝜅𝜅,𝜇𝜇,𝜌𝜌,𝜎𝜎 𝛥𝛥𝑁𝑁

(H.6)

By using the "Chain End Decomposition" (Zhou et al., 2009) theory, we can obtain
�𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = 𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎 �𝐴𝐴𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) + 𝐵𝐵𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) + 𝐷𝐷𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)�
𝛥𝛥𝑁𝑁
𝑓𝑓

(H.7a)

𝜇𝜇,𝜌𝜌,𝜎𝜎

where
𝐴𝐴𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = −𝑁𝑁𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)
(𝐼𝐼)

(H.7b)
(𝐿𝐿)

(𝑅𝑅)

𝐵𝐵𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = �2𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 + 𝛩𝛩𝐿𝐿,𝜌𝜌 (𝑙𝑙)𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) + 𝛩𝛩𝑅𝑅,𝜌𝜌 (𝑙𝑙)𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)��1 − ∑𝑙𝑙𝑗𝑗=1 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑗𝑗)�
𝑙𝑙+𝑙𝑙

(𝐿𝐿)

(𝑅𝑅)

𝐸𝐸,𝜌𝜌
𝐷𝐷𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) = ∑𝑗𝑗=𝑙𝑙+1
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)�𝛩𝛩𝐿𝐿,𝜌𝜌 (𝑗𝑗 − 𝑙𝑙)𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑗𝑗 − 𝑙𝑙) + 𝛩𝛩𝑅𝑅,𝜌𝜌 (𝑗𝑗 − 𝑙𝑙)𝑃𝑃𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑗𝑗 − 𝑙𝑙)�

(H.7c)

(H.7d)

�𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙) can be obtained
with 𝑙𝑙𝐸𝐸,𝜌𝜌 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝑙𝑙𝐿𝐿,𝜌𝜌 , 𝑙𝑙𝑅𝑅,𝜌𝜌 � − 1. The detailed expression of 𝛥𝛥𝑁𝑁
by combining Equations (H.7a), (H.7b), (H.7c), (H.7d) and (D.2), written as
�𝐻𝐻,𝜇𝜇,𝜌𝜌,𝜎𝜎 (𝑙𝑙)
𝛥𝛥𝑁𝑁

𝑙𝑙

⎧𝑓𝑓𝐸𝐸,𝜌𝜌,𝜎𝜎
�𝜑𝜑
𝜑𝜑
�1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 �� �2 − 2 � 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑘𝑘) − (𝑙𝑙 − 3)𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) − 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙 + 𝑘𝑘𝑋𝑋,𝜌𝜌 � − 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙 + 𝑘𝑘𝑌𝑌,𝜌𝜌 �� , 𝜇𝜇 = 𝑁𝑁𝑈𝑈𝑖𝑖𝑖𝑖
⎪𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎
𝑘𝑘=1
⎪
𝑓𝑓
𝐸𝐸,𝜌𝜌,𝜎𝜎
=
, 𝜇𝜇 = 𝑋𝑋𝑈𝑈𝑖𝑖𝑖𝑖
�𝜑𝜑
𝜑𝜑
(1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )� �𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙 + 𝑘𝑘𝑋𝑋,𝜌𝜌 � − 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)�
⎨ 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎 𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎
⎪𝑓𝑓
⎪ 𝐸𝐸,𝜌𝜌,𝜎𝜎 �𝜑𝜑
, 𝜇𝜇 = 𝑌𝑌𝑈𝑈𝑖𝑖𝑖𝑖
𝑈𝑈𝑖𝑖 ,𝜌𝜌,𝜎𝜎 𝜑𝜑𝑈𝑈𝑗𝑗 ,𝜌𝜌,𝜎𝜎 (1 − 𝜑𝜑𝑂𝑂,𝜌𝜌,𝜎𝜎 )� �𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙 + 𝑘𝑘𝑌𝑌,𝜌𝜌 � − 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙)�
⎩ 𝑓𝑓𝜇𝜇,𝜌𝜌,𝜎𝜎

(H.8)
To solve the chain concentration rate equations for 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) at short chain lengths from 𝑙𝑙 to

the cut-off length 𝑙𝑙𝐶𝐶,𝜌𝜌 , it is necessary to use the value of 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) at chain lengths from 𝑙𝑙 to
𝑙𝑙𝐶𝐶,𝜌𝜌 + 𝑙𝑙𝐸𝐸,𝜌𝜌 . Obviously, the length ranges of 𝑙𝑙 are different for 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) and 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙), which
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will make the equation system redundant. So in order to solve 𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙) with the length range

of 𝑙𝑙𝑆𝑆,𝜌𝜌 ≤ 𝑙𝑙 ≤ 𝑙𝑙𝐶𝐶,𝜌𝜌 by using 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) with the same length range, the Local Poisson (LP)
approximation scheme (Zhou et al., 2009) is used here for 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙), so that we have
𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) = 𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝐶𝐶,𝜌𝜌 ��𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝐶𝐶,𝜌𝜌 �/𝑃𝑃𝜌𝜌,𝜎𝜎 �𝑙𝑙𝐶𝐶,𝜌𝜌 − 1��

(𝑙𝑙−𝑙𝑙𝐶𝐶,𝜌𝜌 )

(H.9)

for 𝑙𝑙𝐶𝐶,𝜌𝜌 + 1 ≤ 𝑙𝑙 ≤ 𝑙𝑙𝐶𝐶,𝜌𝜌 + 𝑙𝑙𝐸𝐸,𝜌𝜌 . By using Equation (H.9) with the relationship 𝑃𝑃𝜌𝜌,𝜎𝜎 (𝑙𝑙) ≡
𝐻𝐻𝜌𝜌,𝜎𝜎 (𝑙𝑙)/𝑥𝑥𝐸𝐸,𝜌𝜌,𝜎𝜎 , a closed ordinary differential equation (ODE) system for the site

concentration formalism is completed.
Section I: Parameters

All parameters are categorized into four groups and showed in four tables respectively. The
(0)
� (0) , which describe the initial substrate
first group in Table I1 includes 𝐹𝐹�𝐴𝐴 and 𝛷𝛷
𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋

morphology i.e. the enzymatic accessibilities of the whole substrate and xylan, respectively.
Based on the values of these two parameters we can obtain the enzymatic accessibility of

cellulose. We believe that the values of these two parameters could be measured by using
reliable experimental techniques in the future. However, there are currently no values for
(0)

these two parameters. So we adjust the values for 𝐹𝐹�𝐴𝐴

(0)

�𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋 based on the values of
and 𝛷𝛷

enzymatic accessibility of cellulose, which is commonly measured in experiments. The

values we used were from the literature (Zhu et al., 2009a; Zhu et al., 2009b). Based on the
experiments by Zhu et al. (2009b), the enzymatic accessibility of cellulose was 0.243 for
DA-pretreated corn stover and 0.0238 for non-pretreated corn stover. Thus we believe that
the value of the enzymatic accessibility of cellulose for AFEX-pretreated corn stover, as
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well as poplar, should range from 0.0238 to 0.243. The values of the enzymatic
accessibility of cellulose we used in the model were 0.0832, 0.0998 and 0.0753.
The second group is adsorption and kinetic parameters and shown in Table I2. The values
of 𝐿𝐿1,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿1,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿1,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿2,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿2,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿2,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿3,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 and 𝐿𝐿3,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , which
describe the adsorption equilibrium between cellulose-sites and cellulases, were adopted
from the work of Zhou et al. (2009b) with referenced experiments. 𝐿𝐿1,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿1,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 ,

𝐿𝐿1,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿2,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿2,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿2,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿3,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 and 𝐿𝐿3,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 are parameters describing the

adsorption equilibrium between xylan sites and cellulases. The values for these parameters
were all set to be 0 as we assume that if there is no effective adsorption between enzyme

molecule and bond site leading to bond cleavage, the parameter of adsorption equilibrium
would be set to 0. For the same reason, 𝐿𝐿4,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿4,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿4,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿5,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿5,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿5,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 ,
𝐿𝐿5,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿5,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿6,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿6,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿7,𝜇𝜇,𝜌𝜌 and 𝐿𝐿8,𝜇𝜇,𝜌𝜌 , which describe the adsorption
equilibrium between sites and enzymes having no adsorption relationships, were also set

to be 0. 𝐿𝐿4,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿4,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 and 𝐿𝐿4,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 describe the adsorption equilibrium between Endo-

acting xylanases and xylan sites and the values of these parameters were from the
experiments by Qing and Wyman (2011). The values of kinetic parameters 𝛾𝛾1,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾1,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 ,

𝛾𝛾1,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾2,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾3,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾4,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾4,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 and 𝛾𝛾4,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 came from the literature (Banerjee et

al., 2010a; Banerjee et al., 2010b) which used AFEX-pretreated corn stover as substrate.
The relationship among these parameters was from the work by Zhang and Lynd (2006) in
which the activity ratio of EG:CBH2:CBH1 was 5:2:1. For ineffective adsorptions that
cannot lead to bond cleavage, the corresponding kinetic parameters would be 0. So the
values of 𝛾𝛾1,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾1,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾1,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾2,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾2,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾2,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾2,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾2,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾3,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 ,
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𝛾𝛾3,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾3,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾3,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾3,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝛾𝛾4,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝛾𝛾4,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 and 𝛾𝛾4,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 were all set to be 0.

Currently, there are no reliable values of the adsorption and kinetic parameters of Exoacting xylanases. So we assumed that values of 𝐿𝐿5,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿5,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿5,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿5,𝑁𝑁,𝑋𝑋𝑦𝑦𝑙𝑙 , 𝐿𝐿5,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 ,

𝐿𝐿5,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿6,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿6,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿6,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺 , 𝐿𝐿6,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 , 𝐿𝐿6,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 and 𝐿𝐿6,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋 were equal to the values of

corresponding parameters of Endo-acting xylanases. However, these parameters did not
affect the simulation results since it is assumed that commercial enzyme mixtures do not
contain significant amount of Exo-acting xylanases.
The third group is inhibition parameters and shown in Table I3. 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (1), 𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (1) and
𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (1) are D-glucose (G1) inhibition parameters for EG, CBH2 and CBH1 respectively,

and their values were from the work by Levine et al. (2010). Similarly, 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (2), 𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

and 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (2) are cellobiose (G2) inhibition parameters for EG, CBH2 and CBH1
respectively, and their values were from the work by Tolan and Foody (1999). There are
limited reported values for cello-oligomers (G3-G6) inhibition parameters for cellulases.
The values of 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (3) , 𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (3) , 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (3) , 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (4) , 𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (4) , 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (4) , 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (5) ,

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (5), 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (5), 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (6), 𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (6) and 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (6) were based on the values of 𝐼𝐼1,𝐺𝐺𝐺𝐺𝑢𝑢 (2),
𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (2) and 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (2) as well as the experiments by Lo Leggio and Pickersgill (1999)
which describe the relationship among cello-oligomers (G2-G6) inhibition parameters for

cellulases. Currently, there are no reliable values of the D-xylose (X1) inhibition
parameters for EG, CBH2 and CBH1 respectively. So we assumed that values of 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (1),

𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (1) and 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (1) were equal to 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (1), 𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (1) and 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (1) respectively due to

the similarity between the structures of these two monomer units. 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (2), 𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (2) and
𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (2) are xylobiose (X2) inhibition parameters for EG, CBH2 and CBH1 respectively,
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and their values were from the work by Ntarima et al. (2000). The values of 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (3),
𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (3), 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (3), 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (4), 𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (4), 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (4), 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (5), 𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (5), 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (5), 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (6),

𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (6) and 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (6) were based on the values of 𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (2), 𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (2) and 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (2) as

well as the experiments by Lo Leggio and Pickersgill (1999) which also described the
relationship among xylo-oligomers (X2-X6) inhibition parameters for cellulases. 𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
is D-glucose (G1) inhibition parameter for Endo-acting xylanases which currently do not

have too much reliable values. So we assumed that value of 𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (1) was equal to 𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
due to the same inhibitor. For the same reason, the values of cello-oligomers (G2-G6)

inhibition parameters for Endo-acting xylanases, which are 𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (2), 𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (3), 𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (4),

𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (5) and 𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (6), were all determined. The values of D-xylose (X1) and xylobiose
(X2) inhibition parameters for Endo-acting xylanases 𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (1) and 𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (2) were based

on the work by Ntarima et al. (2000). The values of 𝐼𝐼4,𝑋𝑋𝑋𝑋𝑙𝑙 (3), 𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (4), 𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (5) and
𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (6) were based on the value of 𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (2) and the experiments by Lo Leggio and

Pickersgill (1999) which described the relationship among xylo-oligomers (X2-X6)
inhibition parameters for Endo-acting xylanases. Currently, there are no reliable values for
the inhibition parameters of Exo-acting xylanases. So we assumed that the values of
inhibition parameters of Exo-acting xylanases were equal to the values of corresponding
inhibition parameters of Endo-acting xylanases. However, these parameters did not affect
the simulation results since we did not consider Exo-acting xylanases as enzyme species in
any commercial enzyme.
The fourth group is parameters about beta-enzymes and shown in Table I4. 𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (1) and

𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (2) are the D-glucose (G1) adsorption (or inhibition) parameter for beta-glucosidase
95

(BG) and the cellobiose (G2) adsorption parameter for BG respectively. The values of these
parameters were from the experiment by Chauve et al. (2010). 𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (3) , 𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (4) ,
𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (5) and 𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (6) are cello-oligomers (G3-G6) adsorption parameters for BG. Their

values were based on the value of 𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (2) and the experiments by Yazaki et al. (1997)
which described the relationship among cello-oligomers (G2-G6) inhibition parameters for
BG. 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (1) , 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (2) , 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (3) , 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (4) , 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (5) and 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (6) are D-xylose and

xylo-oligomers (X2-X6) adsorption parameters for beta-xylosidase (BX). Their values
were from the work by Rasmussen et al. (2006). Currently, there are no reliable values for
the xylo-oligomers (X1-X6) adsorption parameters for BG and cello-oligomers (G1-G6)
inhibition parameters for BX. We only considered the inhibitions of X1 for BG and G1 for
BX and did not consider other "crossover" oligomers adsorption for beta-enzymes in the
model. We assumed that the values of 𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (1) and 𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (1) were equal to 𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (1) and

𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (1) respectively due to the same inhibitors. The value of BG kinetic parameter

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (2) for cellobiose (G2) was from experiment by Chauve et al. (2010). 𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (3),
𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (4), 𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (5) and 𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (6) are BG kinetic parameters for cello-oligomers (G3-G6),

their values were based on the value of 𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (2) and the experiments by Yazaki et al.
(1997) which described the relationship among BG kinetic parameters for cello-oligomers
(G2-G6). 𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (2) , 𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (3) , 𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (4) , 𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (5) and 𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (6) are BX kinetic

parameters for xylo-oligomers (X2-X6) and their values from the work by Rasmussen et

al. (2006). As we did not consider other "crossover" oligomers adsorption for beta-enzymes
in the model, the corresponding kinetic parameters were all set to be 0

96

Table.I1 Key simulation parameters
Qing and Wyman (2011)
Parameter
(0)
𝐹𝐹�𝐴𝐴

� (0)
𝛷𝛷
𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋

Value
0.1051
0.55

Banerjee et al. (2010a)
Parameter

Value

(0)
𝐹𝐹�𝐴𝐴

0.1431

� (0)
𝛷𝛷
𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋

0.50
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Kumar and Wyman (2009)
Parameter
(0)
𝐹𝐹�𝐴𝐴

� (0)
𝛷𝛷
𝑀𝑀,𝑋𝑋𝑋𝑋𝑋𝑋

Value
0.1046
0.60

Table.I2 Adsorption and kinetic parameters
Parameter

Value
(1/mM)

Ref.

Parameter

Value
(1/min)

Ref.
(Banerjee
et al.,
2010a;
Zhang and
Lynd,
2006)

𝐿𝐿1,𝑁𝑁,𝐺𝐺𝑙𝑙𝑢𝑢 𝐿𝐿1,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿1,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

3

𝛾𝛾1,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾1,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾1,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

3317

𝐿𝐿1,𝑁𝑁,𝑋𝑋𝑦𝑦𝑦𝑦 𝐿𝐿1,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿1,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝛾𝛾1,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾1,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾1,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝐿𝐿2,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿2,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝛾𝛾2,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾2,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝐿𝐿2,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺

4

𝐿𝐿2,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿2,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿2,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝐿𝐿3,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿3,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺

0

(Zhou et
al.,
2009a)

(Zhou et
al., 2009a)

𝛾𝛾2,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺
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𝛾𝛾2,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾2,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾2,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝛾𝛾3,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾3,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺

0

(Zhou et
al., 2009a)

𝐿𝐿3,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

3

𝛾𝛾3,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

699.7

𝐿𝐿3,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿3,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿3,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝛾𝛾3,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾3,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾3,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝐿𝐿4,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿4,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿4,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝛾𝛾4,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾4,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾4,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝐿𝐿4,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿4,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿4,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0.574

(Qing
and
Wyman,
2011;
Zhang
and
Lynd,
2006)
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𝛾𝛾4,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾4,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋 𝛾𝛾4,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

(Banerjee
et al.,
2010a;
Zhang and
Lynd,
2006)

(Banerjee
et al.,
2010a;
Zhang and
Lynd,
2006)

(Zhou et
al., 2009a)

50.12

(Banerjee
et al.,
2010a;
Zhang and
Lynd,
2006)

𝐿𝐿5,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿5,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿5,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝛾𝛾5,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾5,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾5,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝐿𝐿5,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿5,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝛾𝛾5,𝑁𝑁,𝑋𝑋𝑋𝑋𝑙𝑙 𝛾𝛾5,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝐿𝐿5,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋

0.574

𝛾𝛾5,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋

50.12

𝐿𝐿6,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿6,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝐿𝐿6,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝛾𝛾6,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾6,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾6,𝑌𝑌,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝐿𝐿6,𝑁𝑁,𝑋𝑋𝑋𝑋𝑋𝑋 𝐿𝐿6,𝑋𝑋,𝑋𝑋𝑋𝑋𝑋𝑋

0

𝛾𝛾6,𝑁𝑁,𝐺𝐺𝐺𝐺𝐺𝐺 𝛾𝛾6,𝑋𝑋,𝐺𝐺𝐺𝐺𝐺𝐺

0

𝐿𝐿6,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

0.574

𝛾𝛾6,𝑌𝑌,𝑋𝑋𝑋𝑋𝑋𝑋

50.12

𝐿𝐿7,𝜇𝜇,𝜌𝜌 𝐿𝐿8,𝜇𝜇,𝜌𝜌

0

𝛾𝛾7,𝜇𝜇,𝜌𝜌 𝛾𝛾8,𝜇𝜇,𝜌𝜌

0

Assumed
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Assumed

Table.I3 Inhibition parameters
Parameter
𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (2)
𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (3)
𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (4)
𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (5)
𝐼𝐼1,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (2)
𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝐼𝐼1,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

Value
(1/mM)

Reference

Parameter

Value (1/mM)

Reference

0.06

(Levine et al.,
2010)

0.032

(Levine et al.,
2010)

0.13

(Tolan and
Foody, 1999)

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (1) 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (1)

0.13

(Tolan and
Foody, 1999)

0.3
0.37
0.44

0.06

11

0.3

𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (5)
𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

(Lo Leggio
and
Pickersgill,
1999; Ntarima
et al., 2000)

10

𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

Assumed

0.44

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (5) 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (1) 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (1)

𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (3) 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (4) 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (5) 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (6) 𝐼𝐼3,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

(Lo Leggio
and
Pickersgill,
1999; Tolan
and Foody,
1999)

0.51
0.4

(Ntarima et al.,
2000)

0.85

(Lo Leggio
and

0.3
0.37
0.44

0.032

2
4

11

0.3

𝐼𝐼5,𝐺𝐺𝐺𝐺𝐺𝐺 (6) 𝐼𝐼6,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

𝐼𝐼5,𝑋𝑋𝑋𝑋𝑋𝑋 (1) 𝐼𝐼6,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝐼𝐼5,𝑋𝑋𝑋𝑋𝑋𝑋 (2) 𝐼𝐼6,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

100

(Lo Leggio and
Pickersgill,
1999; Ntarima
et al., 2000)

10

𝐼𝐼5,𝐺𝐺𝐺𝐺𝐺𝐺 (3) 𝐼𝐼6,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

𝐼𝐼5,𝐺𝐺𝐺𝐺𝐺𝐺 (5) 𝐼𝐼6,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

Assumed

2

0.032

𝐼𝐼5,𝐺𝐺𝐺𝐺𝐺𝐺 (4) 𝐼𝐼6,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

(Lo Leggio and
Pickersgill,
1999; Tolan and
Foody, 1999)

0.51

𝐼𝐼5,𝐺𝐺𝐺𝐺𝐺𝐺 (1) 𝐼𝐼6,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
𝐼𝐼5,𝐺𝐺𝐺𝐺𝐺𝐺 (2) 𝐼𝐼6,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

0.13

0.37

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (4) 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

𝐼𝐼2,𝑋𝑋𝑋𝑋𝑋𝑋 (2) 𝐼𝐼3,𝑋𝑋𝑦𝑦𝑦𝑦 (2)

2

0.06

𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

Assumed

2

4

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (3) 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (6) 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

0.51

𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
𝐼𝐼4,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

(Lo Leggio
and
Pickersgill,
1999; Tolan
and Foody,
1999)

𝐼𝐼2,𝐺𝐺𝐺𝐺𝐺𝐺 (2) 𝐼𝐼3,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

0.13

0.37
Assumed
0.44
0.51
0.4
0.85

𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝐼𝐼4,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

1.5
2
4
4.5

Pickersgill,
1999; Ntarima
et al., 2000)

𝐼𝐼5,𝑋𝑋𝑋𝑋𝑋𝑋 (3) 𝐼𝐼6,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝐼𝐼5,𝑋𝑋𝑋𝑋𝑋𝑋 (4) 𝐼𝐼6,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝐼𝐼5,𝑋𝑋𝑋𝑋𝑋𝑋 (5) 𝐼𝐼6,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝐼𝐼5,𝑋𝑋𝑋𝑋𝑋𝑋 (6) 𝐼𝐼6,𝑋𝑋𝑋𝑋𝑋𝑋 (6)
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1.5
2
4
4.5

Table.I4 Beta-enzymes parameters
Parameter
𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (2)
𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (3)
𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (4)
𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (5)
𝐼𝐼7,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (2)
𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝐼𝐼7,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

Value
(1/mM)

Reference

Parameter

Value (1/min)

Reference

0.294

(Chauve et al.,
2010)

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (1)

0

Determined

1897

(Chauve et al.,
2010)

3.846
4

0.417

𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
Not considered

Assumed

0

Not considered

0.417
(Rasmussen et
al., 2006)

1422.8
895.8

0
0
0
0
0

𝛾𝛾8,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

0

𝛾𝛾8,𝐺𝐺𝐺𝐺𝐺𝐺 (1)

0

𝛾𝛾8,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

0

𝛾𝛾8,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (2)
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(Chauve et al.,
2010; Yazaki et
al., 1997)

843.1

0

𝛾𝛾8,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

0

1738.9

𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

𝛾𝛾8,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

0

2.5

𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (5)

0

0

𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (1)
𝛾𝛾7,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

0

0

𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

Assumed

0

𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

0

0

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

1.449

0.294

𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

(Chauve et al.,
2010; Yazaki
et al., 1997)

2.174

𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (1)
𝐼𝐼8,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

𝛾𝛾7,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

1.136

Determined

0
0
0
0
1897

(Rasmussen et
al., 2006)

𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝐼𝐼8,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

5
6.25
10
12.5

𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (3)
𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (4)
𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (5)
𝛾𝛾8,𝑋𝑋𝑋𝑋𝑋𝑋 (6)
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1250.3
1164.1
1293.4
862.3
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Abstract
A general approach is presented to optimize the composition of enzyme mixture for
substrate conversion and monosaccharides yield during simultaneous enzymatic hydrolysis
of cellulose and hemicellulose. This approach applies a novel mechanistic model which
not only considers the morphology of the substrates, including the composition, degree of
polymerization and enzyme accessibility, but also a wide range of enzyme kinetics during
the hydrolysis process, including, but not limited to, endoglucanase I (EG1),
cellobiohydrolase I (CBH1), cellobiohydrolase II (CBH2), endo-xylanase (EX), βglucosidase (BG) and β-xylosidase (BX). This approach also considers adding enzymes at
different time points during the hydrolysis process and investigates its effects on substrate
conversion and monosaccharides yield. This approach is capable of predicting the optimal
composition of enzyme mixtures during the simultaneous hydrolysis of cellulose and
hemicelluloses in different types of lignocellulosic substrates. The effectiveness of the
approach is demonstrated on the hydrolysis of Avicel and AFEX-pretreated corn stover.
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4.1 Introduction
Biofuels have received enormous attention over decades due to the potential of
decreasing the reliance on fossil fuels globally and reducing the greenhouse gas emissions.
The US seeks to replace 20% of its current gasoline usage with alternative fuels by 2022,
which would increase the US alternative fuel production to 36 billion gallons (Gu et al.,
2013). Recently, more research efforts have been focusing on the second generation
biofuels. Compared with the first generation biofuel, the second generation biofuel can
reduce the greenhouse gas and have higher energy security level (Singhania et al., 2014).
Moreover, the second generation biofuels are mainly generated from the lignocellulosic
biomass so that the competition between food and biofuel production will become less
(Cherubini et al., 2009).
Enzymatic hydrolysis, which biochemically converts biomass into mono- and oligosaccharides, is a critical process of producing biofuels. However, the high cost caused by
the enzyme loading is a major barrier of the industrial application (Klein-Marcuschamer et
al., 2012). In order to reduce the total enzyme loading and make the biofuel production
process more economical, many studies have been focused on developing enzyme mixtures
that have optimal synergistic kinetics for the hydrolysis of lignocellulosic substrates (Berlin
et al., 2007; Banerjee et al., 2010a; Banerjee et al., 2010b; Gao et al., 2010; Zhang et al.,
2010; Levine et al., 2011; Billard et al., 2012; Singhania et al., 2014). For example, Berlin
et al. (2007) developed optimal enzyme mixtures with commercial enzymes for the
hydrolysis of dilute acid-pretreated corn stover, Gao et al. (2010) designed optimal enzyme
mixtures with six core enzymes from Trichoderma reesei, Aspergillus niger, and
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Aspergillus nidulans for the hydrolysis of AFEX-pretreated corn stover and Banerjee et al.
(2010a) developed optimal enzyme mixtures with ten accessory and six purified core
enzymes from Trichoderma reesei and Trichoderma longibrachum for the hydrolysis of
AFEX-pretreated corn stover.
However, because of the variety of the lignocellulosic substrates, designing the optimal
enzyme mixtures for each type of substrate will consume a large amount of enzymes and
require tremendous experimental efforts. In this study, a general approach is presented to
decide the optimal composition of enzyme mixtures for different lignocellulosic substrates
during hydrolysis. The basis of this approach is a novel mechanistic model which not only
considers the morphology and all the hydrolysable components (i.e. cellulose and
hemicelluloses) of each lignocellulosic substrate, but also a wide range of enzyme kinetics
during the hydrolysis process. Moreover, this approach for the first time considers the
effect of adding enzymes at different time points during the hydrolysis process, and
investigates such effect on substrate conversion and monosaccharides yield. Some
experimental studies have shown that delaying the adding time of some enzymes could
increase the total conversion level of the substrates (Qing and Wyman, 2011), probably
because some parts of the substrate are not accessible for enzymes at the beginning of
hydrolysis and the activity of free enzymes in solution keeps decreasing during the process
of hydrolysis. This general approach can predict the composition of optimal enzyme
mixtures either for the conversion level of total substrates or the yield of certain saccharide
products during the simultaneous hydrolysis of cellulose and hemicelluloses in different
types of lignocellulosic substrates. The predicted results can provide systematic
information for the further experimental studies of developing optimal enzyme mixtures.
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4.2 Methods
4.2.1 Morphology of lignocellulosic substrates
Lignocellulosic substrate morphology is described by the recently introduced concept
"Smallest Accessible Compartment" (SAC) (Zhou et al., 2009b; Zhang et al., 2014). SAC
is a minimal volume that is delimited by enzyme-accessible surfaces and contains several
elementary layers. The geometries of SACs are mapped to a population of SAC classes,
which are indexed by σ. These SAC classes represent different SAC sizes and differ by the
initial number of SAC elementary layers 𝜆𝜆𝜎𝜎 , which is a variable and will keep decreasing

due to the substrate surface ablation by enzymes. In addition, some SACs may contain
different types of polysaccharide chains (i.e. cellulose and hemicellulose chains), which
are indexed by ρ. These SACs will have a fraction of type-ρ chains, which is set as a
function of 𝜆𝜆𝜎𝜎 , represented by Ф𝜎𝜎,𝜌𝜌 (𝜆𝜆𝜎𝜎 ). The fraction of type-ρ chains may also vary in

different SAC classes and its initial value is represented by Ф0𝜎𝜎,𝜌𝜌 �𝜆𝜆𝜎𝜎,𝑚𝑚𝑚𝑚𝑚𝑚 � . Gaussian

distribution is applied for SAC concentrations and the initial fraction of type-ρ chains in
all SAC classes. It also decides the initial fraction of accessible substrate in each SAC class,
0
represented by 𝐹𝐹�𝐴𝐴,𝜎𝜎
. This is the ratio of exposed substrate on the surfaces of class-σ SACs

to the total substrate contained in class-σ SACs and can then be used to calculate the overall

initial accessibility of the substrate 𝐹𝐹�𝐴𝐴0 , which can commonly be measured in experiments.
4.2.2 Reactions of enzyme mixture
During the process of enzymatic hydrolysis, different enzyme species will adsorb on
different linkages between monosaccharide units in the solid substrates and cut the solid
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polysaccharide chains. Based on the "Site Formalism" (Zhou et al., 2009a; Zhang et al.,
2014), the linkages were classified into seven major groups of "sites", which are N-, O-,
X-, Y-, L-, R- and J-sites. N-sites could only adsorb and be cut by endo-acting enzymes
(e.g. endo-glucanase and endo-xylanase). X-sites could adsorb and be cut by either endoacting or exo-L-acting enzymes (e.g. Cellobiohydrolase II), while Y-sites could adsorb and
be cut by either endo-acting or exo-R-acting enzymes (e.g. Cellobiohydrolase I). J-sites
could adsorb and be cut by debranching enzymes. O-sites were blocked sites and could not
adsorb any enzyme. L- and R-sites represented the non-reducing and reducing ends of
polysaccharide chains respectively. They were both broken and could not adsorb any
enzyme. It is worth mentioning that these sites can be further divided into sub-groups based
on different endo- or exo- enzymes. These site concentrations can be used to represent the
amount of substrate materials and are tracked in the model (thus referred to as Site
Formalism) considering their changing rates due to hydrolytic reactions. Compare to the
"Chain Formalism" (i.e. tracking concentrations of chains of various length), the "Site
Formalism" is more general and advanced, thus easier to be extended to include different
types of hemicellulose chains.
After soluble oligosaccharides are released into solution from the solid substrate, betaenzymes will hydrolyze them into monosaccharides. However, oligosaccharides and
monosaccharides can also adsorb other enzymes that act on the solid substrates and thus
cause the inhibition effects (Levine et al., 2010; Zhang and Zhou, 2014). Besides, the
activity of enzymes will also decrease as hydrolysis proceeds, as described by Eq. (1) and
Eq. (2).
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uκ (𝑡𝑡) = 0 (𝑡𝑡 < 𝑡𝑡𝜅𝜅 )

𝑡𝑡−𝑡𝑡𝜅𝜅

1 𝑡𝑡𝜅𝜅,1

uκ (𝑡𝑡) = uκ,0 �2�

2

(1)

(𝑡𝑡 ≥ 𝑡𝑡𝜅𝜅 )

(2)

Here, uκ (𝑡𝑡) is the concentration of active enzyme κ in solution at time point 𝑡𝑡, uκ,0 is

the concentration of enzyme added into solution, 𝑡𝑡𝜅𝜅 is the adding time of enzyme κ and

𝑡𝑡𝜅𝜅,1/2 is the half-life of enzyme κ. During the process of enzymatic hydrolysis, the surface
layer of each SAC is ablated to release oligosaccharides into solution, which exposes the
underneath SAC layers to enzymes. The enzymatic ablation of solid surface will naturally
cause the shrinkage of SAC surface area and lead to a decrease of accessible sites for free
enzymes. All these features are properly considered in our hydrolysis model.
4.2.3 Model parameters and optimization procedure
In this study, the model was applied to predict the optimal enzyme mixtures for Avicel
and AFEX-pretreated corn stover hydrolysis. The cellulose (glucan) content of Avicel was
set as 100%, the DP value of glucan chains was set as 300 and the initial enzymatic
accessibility of Avicel 𝐹𝐹�𝐴𝐴0 was set as 0.6% (Zhang and Lynd, 2004, 2006; Zhou et al.,

2010). For corn stover, the ammonia fiber expansion (AFEX) pretreatment is a unique
pretreatment because it mainly cuts the linkages between lignin and hemicelluloses and
relocates extractable lignin to the substrate surface, which causes little destruction of
cellulose and hemicelluloses of the lignocellulosic substrates (Chundawat et al., 2011). The

cellulose (glucan) content was set as 39.6%, and the hemicellulose (xylan) content was set
as 24.5% (Qing and Wyman, 2011). The DP values of glucan and xylan chains were set as
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6800 and 300 respectively (Kumar et al., 2009). The lignin content and its effects were
neglected during the enzymatic hydrolysis. The initial enzymatic accessibility of AFEXcorn stover 𝐹𝐹�𝐴𝐴0 was set as 10.51%, which was from the work of Zhang et al. (2014).
The model has the capability of considering all the possible enzyme species involved in
the hydrolysis process. In this study, six typical enzyme species were considered for both
Avicel and AFEX-pretreated corn stover hydrolysis, including endoglucanase I (EG1),
cellobiohydrolase I (CBH1), cellobiohydrolase II (CBH2), endo-xylanase (EX), βglucosidase (BG) and β-xylosidase (BX).The values of kinetic and adsorption parameters
for EG1, CBH1, CBH2 and EX were from the work of Banerjee et al. (2010b) and Zhang
and Lynd (2006), and the values of inhibition parameters for these enzymes were from the
work of Tolan and Foody (1999), Lo Leggio and Pickersgill (1999) and Ntarima et al.
(2000). For BG and BX, the values of kinetic and adsorption parameters were from the
work of Chauve et al. (2010), Rasmussen et al. (2006) and Yazaki et al. (1997).
The objective of enzymatic hydrolysis process being optimized (i.e. best process
performance) could be either substrate conversion (e.g. glucan conversion for Avicel
defined as yield of total soluble oligomers including from glucose to cellohexaose) or
monosaccharides yield (e.g. glucose yield for Avicel) at 72 hours of hydrolysis. The total
enzyme amount (i.e. mg enzyme per gram biomass) was fixed when the composition of the
enzyme mixture was optimized to maximize the selected objective. The composition of the
enzyme mixture, represented by 𝑤𝑤, was set as a 6-elementarray. Each element, denoted by

𝑤𝑤𝜅𝜅 (κ=1~6), represented the mass fraction of an enzyme species in the mixture and always

satisfied the relationship ∑𝜅𝜅 𝑤𝑤𝜅𝜅 = 1. The effect of total enzyme amount on the optimal
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enzyme mixture composition was also investigated. The optimization procedure was based
on iterative simulation over the feasible domain of the mass fraction array 𝑤𝑤. When 𝑤𝑤 was

changed as a model input, the simulation would obtain different results of final substrate
conversion and monosaccharides yield. By comparing the results of these simulation, the
composition of optimal enzyme mixture could be determined. To greatly reduce the
solution time, 𝑤𝑤𝜅𝜅 (i.e. each dimension of 𝑤𝑤) was first set to change by an interval of 10%
during the loop to obtain a sub-domain of 𝑤𝑤 for the possible range of optimal enzyme

mixture. Then the model was simulated iteratively again within the obtained sub-domain
to refine the optimal enzyme mixture by setting the mass fraction 𝑤𝑤𝜅𝜅 changing interval as

1%. The total hydrolysis time was set as 100 hours and three situations of total enzyme
loading were tested for both Avicel and AFEX-pretreated corn stover, which were 7.5, 15
and 30 mg enzyme/g glucan.
After the composition of the optimal enzyme mixtures for substrate conversion and
monosaccharides yield were determined, each enzyme species was then tested as being
added to solution at different time points (versus being added at time zero all together) to
investigate the adding time effects on hydrolysis process. The solution procedure was also
based on iterative simulation over the feasible domain of the adding time array for enzyme
species. The adding time domain was set from time 0 to 48 hours. The interval of the time
points was set as 6 hours at first to obtain a sub-domain where the effects were positive
(i.e. higher substrate conversion or monosaccharides yield). Then the model was simulated
iteratively again within the obtained sub-domain to refine the time points by setting the
interval as 0.5 hour.
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4.3 Results and Discussion
4.3.1 Enzyme optimization and adding time effects for Avicel hydrolysis
The optimal compositions of enzyme mixture for glucan conversion and glucose yield
in all cases of Avicel hydrolysis were determined based on the simulation results. Figure
4.1 shows the ternary plots (i.e. can only show mass fractions of three main enzyme
components) of glucan conversion and glucose yield at 72 hours with enzyme loadings of
7.5, 15 and 30 mg enzyme/g glucan and Table 4.1 shows the predicted optimal enzyme
mixture compositions for glucan conversion at 72 hours with enzyme loadings of 7.5, 15
and 30 mg enzyme/g glucan. The supplementary section provides the optimal enzyme
mixture compositions for glucan conversion at 24 and 48 hours with enzyme loadings of
7.5, 15 and 30 mg enzyme/g glucan.
It can be found that EG1 is the dominant enzyme in cellulose hydrolysis, followed by
CBH2 and CBH1. This phenomenon agrees with the experimental evidence from many
studies on Avicel hydrolysis (Tomme et al., 1988; Nidetzky et al., 1994; Zhang and Lynd,
2004) and the predicted results agree with those from the work of Levine et al. (2011),
although in the work the enzyme parameters came from Trichoderma longibrachiatum,
Taleromyces emersonii, and Trichoderma reesei. As enzyme loading increases from 7.5 to
15 mg enzyme/g glucan, the optimal enzyme composition for glucan conversion of Avicel
will have an increased mass fraction of EG1 and decreased mass fraction of CBH2. This is
likely because as the enzyme loading increases, the amount of accessible sites for exoacting enzymes is not changed too much at the beginning of hydrolysis, but EG1 can create
more additional accessible sites that exo-acting enzymes can adsorb on as hydrolysis
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proceeds. However, as the enzyme loading increases from 15 to 30 mg enzyme/g glucan,
the mass fraction of EG1 will decrease and the mass fraction of CBH2 will increase in the
optimal enzyme mixture for glucan conversion. This observation shows that although EG1
is critical of acting synergistically with CBH2 and CBH1 to increase the hydrolysis rate, it
is not true that the more endo-acting enzymes the better synergy with the presence of exoacting enzymes. Also, the BG mass fraction in the optimal mixture increases from 0 to 2%.
In fact, when the enzyme loading reaches 30 mg enzyme/g glucan and the hydrolysis time
is long enough (≥48 hours), it is necessary to involve BG in the optimal enzyme mixtures
for glucan conversion (shown in the supplementary section). The reason may be that as the
glucan conversion level increases, more gluco-oligomers (i.e. from glucose to
cellohexaose) will be released into solution and cause severe inhibition effects so that it is
more important to lower the inhibition effects by adding BG to hydrolyze gluco-oligomers
with high inhibitory ability into glucose that has lower inhibitory ability (Lo Leggio and
Pickersgill, 1999; Tolan and Foody, 1999). Many studies have shown that the hydrolysis
rate will be significantly limited without BG (Banerjee et al., 2010a; Zhang et al., 2010;
Qing and Wyman, 2011), which agree with the simulation results.
For the purpose of maximizing the glucose yield from cellulose hydrolysis, BG becomes
more critical than some other cellulases like CBHI. From the ternary plots shown as Figure
4.1D-F, the mass fraction of BG in the optimal enzyme mixtures for glucose yield always
ranges between 0.1 and 0.3. This agrees with the study of Zhang et al. (2010) which showed
9.1 mg enzyme/g glucan Spezyme CP (cellulase) with 1.45 mg enzyme/g glucan
Novozyme 188 (BG). In addition, because the BG takes large fraction of the enzyme
mixture, the mass fraction of EG1 in the optimal enzyme mixtures for glucose yield
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increases as the total enzyme loading increases to enhance the synergy activities between
EG1 and CBH2.
The enzyme adding time effects during hydrolysis was investigated after analyzing the
optimization of enzymes for Avicel hydrolysis. For endo- and exo- acting enzymes, no
positive effects can be found on either glucan conversion or glucose yield if adding these
enzymes later. However, adding BG later will be beneficial for increasing the glucose yield
after long time period of hydrolysis, as shown in Figure 4.2. Compared with adding BG at
the beginning of hydrolysis, if BG is added at 24 hours the glucose yield after 100 hours
will increases from 52% to 63%. Besides, before the hydrolysis time reaches 48 hours, the
later the adding time point of BG, the higher the glucose yield will be. These observations
are reasonable because it is assumed in the model that no soluble gluco-oligomers exists
before hydrolysis, meaning that there is no need for too much BG at the beginning of
hydrolysis. In addition, BG has a shorter half-life, so adding BG too early will waste its
activity a lot. Therefore, it is reasonable to delay the time of adding BG into solution in
order to increase the glucose yield.
4.3.2 Enzyme optimization and adding time effects for AFEX-pretreated corn stover
hydrolysis
The optimal enzyme mixture compositions for substrate (i.e. "glucan+xylan")
conversions and monosaccharides (i.e. "glucose+xylose") yields in all cases of AFEXpretreated corn stover hydrolysis were determined based on the simulation results. Figure
4.3 shows ternary plots of substrate conversion and monosaccharides yield, and Table 4.2
shows the predicted optimal enzyme mixture compositions for substrate conversion at 72
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hours with enzyme loadings of 7.5, 15 and 30 mg enzyme/g glucan. The supplementary
section provides optimized enzyme mixture compositions for substrate conversion at 24
and 48 hours with enzyme loadings of 7.5, 15, and 30 mg enzyme/g glucan.
It can be found that for maximum substrate conversion, CBH2 is the dominant enzyme
at enzyme loading of 7.5 mg enzyme/g glucan and EX becomes the dominant one at
enzyme loadings of 15 and 30 mg enzyme/g glucan. Then for maximizing the
monosaccharides yield, CBH2 is the dominant enzyme at enzyme loadings of 7.5 and 15
mg enzyme/g glucan and EX becomes the dominant one at enzyme loading of 30 mg
enzyme/g glucan. Not like CBH2, CBH1 is not necessary in the optimal enzyme mixture
for substrate conversion, probably because CBH2 was set to have higher catalytic rate than
CBH1 in the model based on the studies of Nidetzky et al. (1994) and Zhang and Lynd
(2004). However, when the enzyme loading reaches 30 mg enzyme/g glucan, the mass
fraction of CBH2 becomes less and CBH1 becomes a necessary species in the optimal
enzyme mixture. The reason may be that as the concentration of CBH2 becomes too high,
the accessible X-sites at the non-reducing ends of glucan chains for CBH2 will become
insufficient so that substituting CBH1 for certain amount of CBH2 may become beneficial
to higher substrate conversion level. It is worth noticing that some studies of the enzyme
optimization for lignocellulose hydrolysis also showed that CBH1 had higher catalytic rate
than CBH2 (Banerjee et al., 2010a; Banerjee et al., 2010b; Gao et al., 2010), and the
simulation results might be totally different if the kinetic parameter settings of CBH1 and
CBH2 are changed. So the catalytic abilities of CBH1 and CBH2 still need to be further
investigated by experiments.
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It can be also found that EG1 has a much lower mass fraction than EX in all cases of
AFEX-pretreated corn stover hydrolysis. The main reason may be that the rate of EX1
hydrolyzing xylan is faster than that of EG1 hydrolyzing cellulose. So less EG1 is needed
in the enzyme mixture to hydrolyze AFEX-pretreated corn stover. Then the influence of
the enzyme accessibility 𝐹𝐹�𝐴𝐴0 on the results of enzyme optimization was investigated (shown
in the supplementary section). The results show that as 𝐹𝐹�𝐴𝐴0 becomes larger the mass

fractions of EG1 and CBH2 will also become larger but the mass fraction of EX will
become smaller. The study of Gao et al. (2010) showed that the optimal enzyme
composition of hydrolyzing AFEX-pretreated corn stover for substrate conversions was
27–30% CBH1, 17–20% CBH2, 29–35% EG1, 14–15% EX, 2–6% BX and 1–5% BG. The
comparison between the simulation results and the experimental data indicates that the
enzyme accessibility of AFEX-pretreated corn stover is critical to determine its optimal
enzyme composition and needs more experimental studies to determine.
The enzyme adding time effects during AFEX-pretreated corn stover hydrolysis was

investigated. Again, no positive effects can be found on either substrate conversion or
monosaccharides yield if adding endo- or exo- acting enzymes later. Figure 4.4 shows the
glucose yields of AFEX-pretreated corn stover when BG is added at different time points,
and the xylose yields of AFEX-pretreated corn stover when BX is added at different time
points. Like the adding time effect of BG in the Avicel hydrolysis process, adding BG later
in the hydrolysis process of AFEX-pretreated corn stover can increase the glucose yield.
However, it can be also found that adding BX later will not be beneficial for increasing the
xylose yield. Compared with adding BX at the beginning of hydrolysis, there will be a
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decrease in xylose yield if BX is added at 24 and 48 hours. The reason may be that the
production rates of soluble xylo-oligomers are very fast at the beginning of hydrolysis since
most xylan locates on the outer part of the substrate and is easy to hydrolyze. Without the
presence of BX, these soluble xylo-oligomers will remain in solution and act as stronger
inhibitors of EG1, CBH1 and CBH2 which not only slows down the hydrolysis rate of
cellulose but also xylan (Qing et al., 2010). Therefore, it is necessary to add BX in solution
at the beginning of hydrolysis to hydrolyze the soluble xylo-oligomers early enough and
reduce the inhibition effects. In addition, Figure 4.5 shows the simulation results of adding
BG, EX and BG+EX at 8 hours. It can be found that to maximize the glucose yield, it is
more beneficial to add BG+EX later than adding only BG or EX later. But there is no such
effect that can be found for the xylose yield, which indicates that adding EX and BX at the
beginning of AFEX-pretreated corn stover hydrolysis may be the best way to only
maximize the xylose yield.
4.4 Conclusions
We have applied our newly developed mechanistic modeling of lignocellulose
hydrolysis as a tool to optimize enzymes for the yield of saccharide products and
conversion of substrates. The model predicted the optimal enzyme mixture compositions
and enzyme adding time during the hydrolysis of Avicel and AFEX-pretreated corn stover.
For Avicel hydrolysis, EG1 was found to be the dominant enzyme in the optimal
enzyme mixture for glucan conversion. But as the total enzyme loading increased from 7.5
to 30 mg enzyme/g glucan, the mass fraction of EG1 would first increase then decrease in
the optimal enzyme mixture. In the case of high enzyme loading (30 mg enzyme/g glucan)
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and long hydrolysis time (≥48 hours), BG should be included in the optimal enzyme
mixture for glucan conversion to reduce the inhibition effects by gluco-oligomers. And for
maximizing the glucose yield from cellulose hydrolysis, the mass fraction of BG would be
between 10% and 30%.
For AFEX-pretreated corn stover hydrolysis, CBH2 was predicted to be the dominant
enzyme for maximum substrate conversion. But in the case of high enzyme loading (30 mg
enzyme/g glucan), CBH1 was shown to replace certain amount of CBH2 in the optimal
enzyme mixture for substrate conversion although its catalytic rate was lower than CBH2.
And in almost all the cases of AFEX-pretreated corn stover hydrolysis, the mass fraction
of EG1 was much lower than that of EX in the optimal enzyme mixture for substrate
conversion or monosaccharides yield.
From the analysis of the enzyme adding time effects, no positive effects were found in
both Avicel and AFEX-pretreated corn stover hydrolysis if adding endo- or exo- acting
enzymes later, but adding BG later would increase the glucose yields in the hydrolysis of
both substrates. However, adding BX later would not increase the xylose yield in AFEXpretreated corn stover hydrolysis. It was also found that adding BG and EX together and
later in AFEX-pretreated corn stover hydrolysis would increase the glucose yield more
than adding only one of them later, but no such result was found for the xylose yield.
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EG1
0.64
0.74
0.66

EG1
0.38
0.46
0.52

Enzyme Loading (mg/g)

7.5

15

30

Enzyme Loading (mg/g)

7.5

15

30

0.32

0.26

0.36

CBH2

0

0

0

EX

0.02

0.00

0.00

BG

0.00

0.00

0.00

CBH1

0.24

0.32

0.38

CBH2

0

0

0

EX

0.24

0.22

0.24

BG

Optimal Enzyme Mass Fractions for Glucose Yield

0.00

0.00

0.00

CBH1

Optimal Enzyme Mass Fractions for Glucan Conversion

0

0

0

BX

0

0

0

BX

Tables
Table 4.1 Optimal enzyme mass fractions for 72 hours hydrolysis of Avicel

81.0

52.6

27.5

Glucose Yield (%)

94.2

77.8

48.5

Glucan Conversion (%)

126

EG1
0.075
0.07
0.03

EG1
0.05
0.05
0.06

Enzyme Loading (mg/g)

7.5

15

30

Enzyme Loading (mg/g)

7.5

15

30

0.36

0.40

0.50

CBH2

0.53

0.50

0.40

EX

0.01

0.00

0.00

BG

0.00

0.00

0.00

CBH1

0.35

0.41

0.50

CBH2

0.46

0.39

0.29

EX

0.10

0.12

0.12

BG

Optimal Enzyme Mass Fractions for "Glucose+Xylose" Yield

0.03

0.00

0.00

CBH1

Optimal Enzyme Mass Fractions for "Glucan+Xylan" Conversion

0.03

0.03

0.04

BX

0.04

0.03

0.025

BX

87.1

56.3

33.4

"Glucose+Xylose" Yield (%)

96.1

67.1

43.7

"Glucan+Xylan" Yield (%)

Table 4.2 Optimal enzyme mass fractions for 72 hours hydrolysis of AFEX pretreated corn stover
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Figure 4.1 Ternary plot predictions of glucan conversion (A, B, C) and glucose yield (D, E, F) at 72 hours with 7.5 (A, D), 15 (B, E) and 30 (C, F) mg enzyme/g glucan.
Mass fractions of EG1, CBH1 and CBH2 are given for glucan conversions. Mass fractions of EG1, CBH2 and BG are given for glucose yields. Cross mark shows the
optimization point

Figures
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Figure 4.2 Simulation results of adding BG at 0, 24 and 48 hours during the hydrolysis of Avicel. Total enzyme loading is 15 mg enzyme/g glucan and enzyme fractions
are optimal for glucose yield at 72 hours hydrolysis
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Figure 4.3 Ternary plot predictions of "glucan+xylan" conversion (A, B, C) and "glucose+xylose" yield (D, E, F) at 72 hours with 7.5 (A, D), 15 (B, E), and 30 (C, F)
mg enzyme/g glucan. Mass fractions of CBH1, CBH2, and EX are given for "glucan+xylan" conversion. Mass fractions of CBH2, EX, and BG are given for
"glucose+xylose" yield. Cross mark shows the optimization point
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Figure 4.4 Simulation results of adding BG (A) and BX (B) at 0, 24 and 48 hours for the hydrolysis of AFEX pretreated corn stover. Total enzyme loading is 15 mg
enzyme/g glucan and enzyme fractions are optimal for "glucose+xylose" yield at 72 hours hydrolysis
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Figure 4.5 Simulation results of adding BG, EX and BG+EX after 8 hours hydrolysis of AFEX pretreated corn stover to investigate the yields of glucose (A) and xylose
(B). Total enzyme loading and fractions are the same as in Figure 4.4
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Supporting Information (SI)
Table S.I. Optimized enzyme mass fraction predictions for Avicel hydrolysis
A
Time

EG1

CBH1

CBH2

BG

Glucan
Conversion (%)

24

0.58

0.00

0.42

0.00

24.7

48

0.62

0.00

0.38

0.00

39.3

Time

EG1

CBH1

CBH2

BG

Glucan
Conversion (%)

24

0.64

0.00

0.36

0.00

43.2

48

0.70

0.00

0.30

0.00

52.3

Time

EG1

CBH1

CBH2

BG

Glucan
Conversion (%)

24

0.62

0.00

0.38

0.00

62.8

48

0.64

0.00

0.32

0.02

85.2

Time

EG1

CBH1

CBH2

BG

Glucose
Yield (%)

24

0.40

0.00

0.40

0.20

15.9

48

0.40

0.00

0.38

0.22

24.1

Time

EG1

CBH1

CBH2

BG

Glucose
Yield (%)

24

0.46

0.00

0.36

0.18

31.7

48

0.48

0.00

0.32

0.2

46.6

Time

EG1

CBH1

CBH2

BG

Glucose
Yield (%)

24

0.5

0.00

0.32

0.18

53.4

48

0.52

0.00

0.26

0.22

73.5

B

C

D

E

F

Predicted optimized enzyme mass fractions are presented for the hydrolysis of Avicel substrate with predicted
optimized glucan conversion (%), and predicted optimized glucose conversion (%) for a given time of hydrolysis
(24, 48, 72 hours). A&D - 7.5 mg enzyme/g glucan, B&E - 15 mg enzyme/g glucan, C& F - 30 mg enzyme/g glucan.
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Table S.II. Optimized enzyme mass fraction predictions for AFEX pretreated corn stover
hydrolysis
A
Time

EG1

CBH1

CBH2

EX

BG

BX

Glucan + Xylan Conversion (%)

24

0.10

0.00

0.60

0.28

0.00

0.02

27.5

48

0.10

0.00

0.55

0.33

0.00

0.02

39.0

B
Time

EG1

CBH1

CBH2

EX

BG

BX

Glucan + Xylan Conversion (%)

24

0.08

0.00

0.55

0.35

0.00

0.02

48.7

48

0.08

0.00

0.45

0.45

0.00

0.02

62.6

C
Time

EG1

CBH1

CBH2

EX

BG

BX

Glucan + Xylan Conversion (%)

24

0.08

0.00

0.45

0.45

0.00

0.02

76.9

48

0.07

0.00

0.40

0.50

0.00

0.03

92.9

D
Time

EG1

CBH1

CBH2

EX

BG

BX

Glucose + Xylose Conversion (%)

24

0.05

0.00

0.50

0.33

0.08

0.04

22.7

48

0.06

0.00

0.52

0.27

0.12

0.03

30.5

E
Time

EG1

CBH1

CBH2

EX

BG

BX

Glucose + Xylose Conversion (%)

24

0.06

0.00

0.53

0.30

0.08

0.03

41.4

48

0.06

0.00

0.45

0.36

0.10

0.03

53.1

F
Time

EG1

CBH1

CBH2

EX

BG

BX

Glucose + Xylose Conversion (%)

24

0.07

0.00

0.44

0.35

0.10

0.04

68.7

48

0.06

0.00

0.37

0.44

0.10

0.03

83.4

Predicted optimized enzyme mass fractions are presented for the hydrolysis of AFEX pretreated corn stover with
predicted optimized glucan + xylan conversion (%), and predicted optimized glucose + xylose conversion (%) for
a given time of hydrolysis (24, 48hours). A &D - 7.5 mg enzyme/g glucan, B&E - 15 mg enzyme/g glucan, C& F 30 mg enzyme/g glucan.
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Table S.III. Optimized enzyme mass fraction predictions for AFEX pretreated corn
stover hydrolysis using reduced cellulase adsorption parameters
Cellulase Adsorption Divisor EG1 CBH1 CBH2

EX

BG

BX

Glucan + Xylan Conversion (%)

1.5

0.09

0.00

0.37

0.51 0.00 0.03

66.7

2.0

0.10

0.00

0.37

0.50 0.00 0.03

66.2

10

0.20

0.00

0.33

0.44 0.00 0.03

62.0

50

0.32

0.00

0.26

0.38 0.00 0.04

54.8

Cellulase Adsorption Divisor EG1 CBH1 CBH2

EX

BG

BX Glucose + Xylose Conversion (%)

1.5

0.06

0.00

0.41

0.38 0.11 0.04

55.7

2.0

0.06

0.00

0.43

0.36 0.11 0.04

55.2

10

0.11

0.00

0.40

0.34 0.11 0.04

50.0

50

0.21

0.00

0.34

0.32 0.08 0.05

45.4

Predicted optimized enzyme mass fractions are presented for the hydrolysis of AFEX pretreated corn stover using
reduced cellulase adsorption parameters. Predicted optimized glucan + xylan conversion (%), and predicted
optimized glucose + xylose conversion (%) are presented at 72 hours of hydrolysis for a 15 mg enzyme/g glucan
enzyme loading. A &E–cellulase adsorption parameters divided by 1.5, B &F–cellulase adsorption parameters
divided by 2, C &G–cellulase adsorption parameters divided by 20, D & H–cellulase adsorption parameters
divided by 50.

Table S.IV. Optimized enzyme mass fraction predictions for AFEX pretreated corn
stover hydrolysis using increased𝐹𝐹�𝐴𝐴0
EG1

CBH1

CBH2

EX

BG

BX

Glucan + Xylan Conversion (%)

0.09

0.00

0.44

0.45

0.00

0.02

77.0

0.08

0.00

0.43

0.34

0.12

0.03

61.4

Predicted optimized enzyme mass fractions are presented for the hydrolysis of AFEX pretreated corn stover using
� 𝟎𝟎𝑨𝑨 = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏. Predicted optimized glucan + xylan conversion (%), and predicted optimized glucose +
decreased 𝑭𝑭
xylose conversion (%) are presented at 72 hours of hydrolysis for a 15 mg enzyme/g glucan enzyme loading.
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Figure S.1 Time addition of CBH2. CBH2 was modeled as being added to solution at 0, 6, and 12 hours for the hydrolysis
of AFEX pretreated corn stover. Enzyme fractions were at the optimized glucose + xylose conversion (AFEX pretreated
corn stover) titer at 15 mg enzyme/g glucan and 72 hours.
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Figure S.2 Time addition of EG1. EG1 was modeled as being added to solution at 0, 12, and 24 hours for the hydrolysis
of AFEX pretreated corn stover. Enzyme fractions were at the optimized glucose + xylose conversion (AFEX pretreated
corn stover) titer at 15 mg enzyme/g glucan and 72 hours.
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Figure S.3 Time addition of EX. EX was modeled as being added to solution at 0, 24, and 48 hours for the hydrolysis of
AFEX pretreated corn stover. Enzyme fractions were at the optimized glucose + xylose conversion (AFEX pretreated
corn stover) titer at 15 mg enzyme/g glucan and 72 hours.
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Table S.V. Substrate Parameters
Avicel
Parameter

AFEX pretreated Corn Stover

Value

Ref.

0.006

(Zhou et al.
2009b; Zhang
and Lynd 2006)

0

Assumed

DP Cellulose

300

(Zhou 2009b;
Zhang and Lynd
2006)

DP
Hemicellulose

N/A

Assumed

(0)
F� A

0
� M,Xyl
Φ

Parameter

Value

Ref.

0.1051

(Zhang et al,
2014)

0.55

(Zhang et al.,
2014)

DP Cellulose

6800

(Kumar et al.,
2009)

DP
Hemicellulose

200

Assumed

(0)
F� A

0
� M,Xyl
Φ

Table S.VI. Adsorption parameters
Parameter

Value (L/mmol)

LEG,N,Glu , LEG1,X,Glu , LEG1,Y,Glu

560

LCBH2,N,Glu , LCBH2,Y,Glu

0

LEG1,N,Xyl , LEG,X,Xyl , LEG,Y,Xyl

0

LCBH2,X,Glu

950

LCBH1,N,Glu , LCBH1,X,Glu

0

Ref.

(Nidetzky et al., 1994)

LCBH2,N,Xyl , LCBH2,X,Xyl , LCBH2,Y,Xyl

0

LCBH1,Y,Glu

1410

LEX,N,Glu , LEX,X,Glu , LEX,Y,Glu

0

LCBH1,N,Xyl , LCBH1,X,Xyl , LCBH1,Y,Xyl

0

LEX,N,Xyl , LEX,X,Xyl , LEX,Y,Xyl

0.574

(Zhang et al., 2014)

This represents the equilibrium adsorption constant of enzymes EG1, CBH1, CBH2, EX to sites N, X, Y for glucan
and xylan chains.
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Table S.VII. Activity parameters
Parameter

Value (mmol bond cleaved mmol
enzyme-1 min-1)

γEG1,N,Glu , γEG1,X,Glu , γEG1,Y,Glu

2.475

γCBH2,N,Glu , γCBH2,Y,Glu

0

Ref.

(Zhang and Lynd, 2004)

γEG1,N,Xyl , γEG1,X,Xyl , γEG1,Y,Xyl

0

γCBH2,X,Glu

9.28

γCBH1,N,Glu , γCBH1,X,Glu

0

γCBH2,N,Xyl , γCBH2,X,Xyl , γCBH2,Y,Xyl

0

γCBH1,Y,Glu

5.44

γEX,N,Glu , γEX,X,Glu , γEX,Y,Glu

0

(Zhang and Lynd, 2006)

γCBH1,N,Xyl , γCBH1,X,Xyl , γCBH1,Y,Xyl

0

γEX,N,Xyl , γEX,X,Xyl , γEX,Y,Xyl

8.771

(Zhang et al., 2014)

This represents the specific activity of the enzyme-substrate complex of EG1, CBH2, CBH1, EX on sites N, X, Y
with glucan or xylan chains.
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Table S.VIII. Beta-Enzyme Parameters
Parameter

Value
(1/mM)

IBG,Glu (1)

0.294

IBG,Glu (3)

3.846

IBG,Glu (5)

2.174

IBG,Xyl (1)

0.417

IBG,Xyl (3)

0

IBG,Xyl (5)

0

IBG,Glu (2)

1.136

IBG,Glu (4)

4.000

IBG,Glu (6)

1.449

IBG,Xyl (2)

0

IBG,Xyl (4)

0

IBG,Xyl (6)

0

IBX,Glu (1)

0.294

IBX,Glu (3)

0

IBX,Glu (5)

0

IBX,Glu (1)

0.417

IBX,Xyl (3)

5.00

IBX,Glu (2)

0

IBX,Glu (4)

0

IBX,Glu (6)

0

IBX,Xyl (2)

2.500

IBX,Xyl (4)

6.250

IBX,Xyl (5)
IBX,Xyl (6)

10.000
12.500

Reference

Parameter
γBG,Glu (1)
γBG,Glu (2)

(Zhang et al.,
2014)

Value (mmol bond
cleaved mmol
enzyme-1 min-1)
0
1897

γBG,Glu (3)

1738.9

γBG,Glu (5)

895.8

γBG,Xyl (1)

0

γBG,Xyl (3)

0

γBG,Xyl (5)

0

γBX,Glu (1)

0

γBX,Glu (3)

0

γBX,Glu (5)

0

γBX,Xyl (1)

0

γBG,Glu (4)

1422.8

γBG,Glu (6)

843.1

γBG,Xyl (2)

0

γBG,Xyl (4)

0

γBG,Xyl (6)

0

γBX,Glu (2)

0

γBX,Glu (4)

0

γBX,Glu (6)

0

γBX,Xyl (2)

1897

γBX,Xyl (3)

1250.3

γBX,Xyl (5)

1293.4

γBX,Xyl (4)

1164.1

γBX,Xyl (6)

862.3
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Reference

(Zhang et al.,
2014)

Table S.IX. Half-life of enzymes.
Parameter

Value (hour)

t EG1,1/2

42.5

t CBH1,1/2

42.5

t BG,1/2

Ref.

t CBH2,1/2

42.5

t EX,1/2

12.5

(Hakulinen et al., 2003)

12.5

Assumed

t BX,1/2

12.5

Assumed
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(Levine et al., 2010)

Table S.X. Inhibition Parameters
Parameter

Value
(1/mM)

𝐼𝐼𝐸𝐸𝐸𝐸1,𝐺𝐺𝐺𝐺𝐺𝐺 (1)

0.06

𝐼𝐼𝐸𝐸𝐸𝐸1,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

0.3

𝐼𝐼𝐸𝐸𝐸𝐸1,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

0.13

𝐼𝐼𝐸𝐸𝐸𝐸1,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

0.37

𝐼𝐼𝐸𝐸𝐸𝐸1,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

0.51

𝐼𝐼𝐸𝐸𝐸𝐸1,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

2

𝐼𝐼𝐸𝐸𝐸𝐸1,𝑋𝑋𝑋𝑋𝑋𝑋 (4)

4

𝐼𝐼𝐸𝐸𝐸𝐸1,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

0.44

𝐼𝐼𝐸𝐸𝐸𝐸1,𝑋𝑋𝑋𝑋𝑋𝑋 (1)

0.06

𝐼𝐼𝐸𝐸𝐸𝐸1,𝑋𝑋𝑋𝑋𝑋𝑋 (3)

2

𝐼𝐼𝐸𝐸𝐸𝐸1,𝑋𝑋𝑋𝑋𝑋𝑋 (5)

10

𝐼𝐼𝐸𝐸𝐸𝐸,𝐺𝐺𝐺𝐺𝐺𝐺 (1)

0.06

𝐼𝐼𝐸𝐸𝐸𝐸,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

0.3

𝐼𝐼𝐸𝐸𝐸𝐸1,𝑋𝑋𝑦𝑦𝑦𝑦 (6)

11

𝐼𝐼𝐸𝐸𝐸𝐸,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

0.13

𝐼𝐼𝐸𝐸𝐸𝐸,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

0.37

𝐼𝐼𝐸𝐸𝐸𝐸,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

0.51

𝐼𝐼𝐸𝐸𝐸𝐸,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

0.85

𝐼𝐼𝐸𝐸𝐸𝐸,𝑋𝑋𝑋𝑋𝑋𝑋 (4)

2

𝐼𝐼𝐸𝐸𝐸𝐸,𝑋𝑋𝑋𝑋𝑋𝑋 (6)

4.5

𝐼𝐼𝐸𝐸𝐸𝐸,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

0.44

𝐼𝐼𝐸𝐸𝐸𝐸,𝑋𝑋𝑋𝑋𝑋𝑋 (1)

0.4

𝐼𝐼𝐸𝐸𝐸𝐸,𝑋𝑋𝑋𝑋𝑋𝑋 (3)

1.5

𝐼𝐼𝐸𝐸𝐸𝐸,𝑋𝑋𝑋𝑋𝑋𝑋 (5)

4

Ref.

(Zhang et al.,
2014)

Parameter

Value
(1/mM)

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝐺𝐺𝐺𝐺𝐺𝐺 (1)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝐺𝐺𝐺𝐺𝐺𝐺 (1)

0.032

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝐺𝐺𝐺𝐺𝐺𝐺 (3)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝐺𝐺𝐺𝐺𝐺𝐺 (3)

0.3

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝐺𝐺𝐺𝐺𝐺𝐺 (2)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝐺𝐺𝐺𝐺𝐺𝐺 (2)

0.13

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝐺𝐺𝐺𝐺𝐺𝐺 (4)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝐺𝐺𝐺𝐺𝐺𝐺 (4)

0.37

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝐺𝐺𝐺𝐺𝐺𝐺 (6)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝐺𝐺𝐺𝐺𝐺𝐺 (6)

0.51

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝑋𝑋𝑋𝑋𝑋𝑋 (2)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝑋𝑋𝑋𝑋𝑋𝑋 (2)

2

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝑋𝑋𝑋𝑋𝑋𝑋 (4)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝑋𝑋𝑋𝑋𝑋𝑋 (4)

4

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝐺𝐺𝐺𝐺𝐺𝐺 (5)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝐺𝐺𝐺𝐺𝐺𝐺 (5)

0.44

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝑋𝑋𝑋𝑋𝑋𝑋 (1)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝑋𝑋𝑋𝑋𝑋𝑋 (1)

0.06

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝑋𝑋𝑋𝑋𝑋𝑋 (3)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝑋𝑋𝑋𝑋𝑋𝑋 (3)

2

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝑋𝑋𝑋𝑋𝑋𝑋 (5)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝑋𝑋𝑋𝑋𝑋𝑋 (5)

10

𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶1,𝑋𝑋𝑋𝑋𝑋𝑋 (6)𝐼𝐼𝐶𝐶𝐶𝐶𝐶𝐶2,𝑋𝑋𝑋𝑋𝑋𝑋 (6)
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11

Ref.

(Zhang et
al., 2014)
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Abstract
The "Anaerobic Digestion Model No.1" (ADM1) was modified in the study by
improving the bio-chemical framework and integrating a more detailed physico-chemical
framework. Inorganic carbon and nitrogen balance terms were introduced to resolve the
discrepancies in the original bio-chemical framework between the carbon and nitrogen
contents in the degraders and substrates. More inorganic components and solids
precipitation processes were included in the physico-chemical framework of ADM1. The
modified ADM1 was validated with the experimental data and used to investigate the
effects of calcium ions, magnesium ions, inorganic phosphorus and inorganic nitrogen on
anaerobic digestion in batch reactor. It was found that the entire anaerobic digestion
process might exist an optimal initial concentration of inorganic nitrogen for methane gas
production in the presence of calcium ions, magnesium ions and inorganic phosphorus.
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5.1 Introduction
The "Anaerobic Digestion Model No.1" (ADM1) developed by the International Water
Association (IWA) task group is a mathematical model mainly describing the biochemical
processes involved in anaerobic digestion (Batstone et al., 2002; Batstone et al., 2006). The
whole process of anaerobic digestion can be divided into five steps, which are
disintegration, hydrolysis, acidogenesis, acetogenesis and methanogenesis. First,
composite particulate substrate is disintegrated into carbohydrates, proteins, lipids, soluble
and particulate inerts in the disintegration step. Then carbohydrates, proteins, and lipids are
hydrolyzed into monosaccharides (MSs), amino acids (AAs), and long chain fatty acids
(LCFAs) in the hydrolysis step (Vavilin et al., 2001). Next in the acidogenesis step, MSs
and AAs are degraded by acidogenic bacteria into dissolved hydrogen, carbon dioxide and
volatile fatty acids (VFAs), such as propionic acid, acetic acid, butyric acid and valeric
acid. Then in the acetogenesis step, these VFAs, as well as some LCFAs from the
hydrolysis step, are converted into acetates, dissolved hydrogen and carbon dioxide by
acetogenic bacteria. Finally in the methanogenesis step, acetates from the acetogenesis step
are converted by aceticlastic methanogenic bacteria into dissolved methane, while
dissolved hydrogen and carbon dioxide are converted by hydrogen-utilizing methanogenic
bacteria into dissolved methane. During the whole process of anaerobic digestion, all the
bacteria (or component degraders) gradually decay and become inactive. These inactive
degraders maintain in the reactor as a part of substrate and involve in anaerobic digestion
with the original composite particulates. ADM1 employs a set of 24 differential rate
equations to describe the bio-chemical processes involved in anaerobic digestion. The
disintegration, hydrolysis and bacterial decay steps are represented by first order kinetics,
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while all the other steps are represented by Monod-type kinetics. Besides, ADM1 includes
several inhibition factors such as LCFAs, dissolved hydrogen and ammonia (Angelidaki et
al., 1993; Chen et al., 2008; Schievano et al., 2010; Zonta et al., 2013). In conjunction with
the rate equations, 24 dynamic state concentration variables are set for the components
involved in anaerobic digestion. These rate equations can be solved simultaneously and
have complete mass balances over all components in the solid, gas and liquid phases if
appropriate initial values are determined for the concentration variables.
The ADM1 modeling framework is a powerful tool that has been applied in the
industrial process design and optimization for wastewater treatment (Batstone and Keller,
2003; Biernacki et al., 2013; Girault et al., 2012; Mairet et al., 2011; Parker, 2005; Shang
et al., 2005). Many researches of anaerobic-digestion-involved processes are also based on
the application of ADM1 modeling framework, especially the process of methane
production (Antonopoulou et al., 2012; Hafez et al., 2010; Parawira et al., 2008; Takiguchi
et al., 2004).
However, many deficiencies of the original ADM1 have been noted since its
publication. First, the ADM1 does not accommodate complete component mass balances
over the nitrogen and carbon components, which can result in the discrepancies between
the carbon and nitrogen contents in the biomass and those in the composite particulate
material (Blumensaat and Keller, 2005). Second, the ADM1 does not consider too much
physico-chemical processes which are not directly mediated by microbes but can affect the
bio-chemical processes of anaerobic digestion (Horiuchi et al., 2001; Loewenthal et al.,
1989; Loewenthal et al., 1991; Mikkelsen and Keiding, 2002). The most critical physico150

chemical processes omitted in the ADM1 are the solids precipitation processes caused by
metal ions. The main reason of excluding the solids precipitation processes from the ADM
is that the range of precipitating ions is wide, which leads to a large number of precipitate
types (Ekama et al., 2006). Also, the presence of some types of metal ions may have
inhibition effects on the precipitation processes involving other metal ion types. In
addition, precipitates formed by same ions may exist two different forms: amorphous
precipitates and crystalline precipitates, which have different formation mechanisms,
precipitation kinetics and the rate-limited factors (Koutsoukos et al., 1980). Third, the
ADM1 does not consider phosphoric acid and phosphate as components involved in the
physico-chemical processes of anaerobic digestion. It has been shown in many studies that
metal ions and phosphate may cause solids precipitation, such as struvite (MgNH4PO4),
affect the pH of the anaerobic digestion circumstances and have strong effects on biochemical processes as well as physico-chemical processes (Britton et al., 2005).
The deficiencies of the original ADM1 will unavoidably limit the ability of the model
to precisely represent the changing rates of some of the components and to correctly predict
the final concentrations of these components. Recently, many studies have focused on
developing a more complicated anaerobic digestion model (Fedorovich et al., 2003;
Musvoto et al., 2000a; Musvoto et al., 2000b; Sotemann et al., 2005a; Sotemann et al.,
2005b). However, most of them do not consider critical inorganic components and physicochemical processes in all three phases. In this study, the original ADM1 is extended to
incorporate more inorganic components, such as metal ions and phosphates, and more
physico-chemical processes, such as the association/dissociation processes of carbonate
and phosphate ions and the solids precipitation processes of metal ions. Integrating a more
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detailed physico-chemical framework into ADM1 can enhance its abilities of keeping track
of the change of circumstances pH value and each component involved in anaerobic
digestion. The modifications to the original ADM1 may contribute useful information for
its further development. After the model validation, the improved ADM1 is used to
investigate the effects of some dissolved metal ions and inorganic components on the whole
process of anaerobic digestion. Findings of the investigation may be useful for the design
and scale-up of anaerobic digestion units for waste water treatment and biogas production
processes.
5.2 Methodology
The structures of the modified AMD1 are shown in Tables 5.1-5.5. The entire model
can be categorized into two bio-chemical framework and physico-chemical framework and
contains totally 47 dynamic state variables representing the concentrations of 47
components in three phases during anaerobic digestion. In addition, the model describes
38 possible bio-chemical and physico-chemical processes involved in anaerobic digestion.
The kinetic rate of each process is represented by ρj and the detailed expressions are given
in the supplementary material and the parameter values can be found in the work of
Batstone et al. (2002).
5.2.1 Bio-chemical framework
Anaerobic digestion mainly includes two extracellular steps (i.e. disintegration and
hydrolysis) and three intracellular steps (i.e. acidogenesis, acetogenesis and
methanogenesis). In the intracellular steps, inorganic carbon is the carbon source for, or a
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product of, the uptake of sugars, amino acids, propionate, acetate and hydrogen, while
inorganic nitrogen is the nitrogen source for the uptake of sugars, amino acids, LCFA,
valerate, butyrate, propionate, acetate and hydrogen. However, the original ADM1 did not
consider the inorganic carbon and nitrogen changes for some possible processes, especially
the decay processes of component degraders. Since the decaying component degraders
remain in the reactor and involve in the anaerobic digestion processes together with the
original composite particulates, the carbon balance and nitrogen balance must be closed by
adding balance terms of inorganic carbon and nitrogen for the bacteria decay processes. In
the work of Blumensaat and Keller (2005), two balance terms were introduced to resolve
the discrepancies between the carbon and nitrogen contents in the degraders and substrates,
which were Eq. (1) (used to close the carbon cycle) and Eq. (2) (used to close the nitrogen
cycle). These two terms describe inorganic carbon and nitrogen releases caused by the
decay of degraders and the effects on the total dissolved inorganic carbon and nitrogen
contents.
𝑣𝑣10,𝑗𝑗 = − ∑𝑖𝑖=13,17~23 𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,𝑗𝑗

(1)

𝑣𝑣33,𝑗𝑗 = − ∑𝑖𝑖=13,17~23 𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,𝑗𝑗

(2)

5.2.2 Physico-chemical framework
5.2.2.1 Liquid-gas processes
Liquid-gas transfer processes were originally incorporated in ADM1 as major physicochemical processes. Hydrogen (H2), methane (CH4) and carbon dioxide (CO2) were
considered in the reactor not only in liquid phase, but also in gas phase and represented as
153

dynamic state concentration variables in the ADM1.At steady-state the relationship
between the partial pressure of each biogas component in gas phase and its concentration
in liquid phase was described by the Henry's law as Eq. (3). However during the dynamic
anaerobic digestion process each biogas component in the reactor would become
supersaturated in liquid phase and transfer into gas phase, which was described by the gas
transfer rate equation shown as Eq. (4).
0 = 𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙,𝑖𝑖,𝑠𝑠𝑠𝑠 − 𝐾𝐾𝐻𝐻,𝑖𝑖 𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔,𝑖𝑖,𝑠𝑠𝑠𝑠

(3)

𝜌𝜌𝑇𝑇,𝑖𝑖 = 𝑘𝑘𝐿𝐿 𝑎𝑎𝑖𝑖 (𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙,𝑖𝑖 − 𝐾𝐾𝐻𝐻,𝑖𝑖 𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔,𝑖𝑖 )

(4)

The concentrations of biogas components were obtained by solving the gas transfer rate
equations together with the differential rate equations in liquid phase describing the biochemical processes. Due to the fact that liquid-gas transfer of ammonia (NH3) may occur
in high pH solution, NH3 is introduced in the ADM1 as a new component of biogas in this
study as shown in Table 5.3.
5.2.2.2 Liquid-liquid processes
The original ADM1 incorporated 6 acid-base reactions which described the acid/base
equilibria of acetic acid/acetate, propionic acid/propionate, butyric acid/butyrate, valeric
acid/valerate, dissolved carbon dioxide/bicarbonate and ammonium/ammonia. When
considering the acid-base reactions in ADM1, 6 original dynamic state concentration
variables (i.e. valerate, butyrate, propionate, acetate, inorganic carbon and inorganic
nitrogen) were separated into 6 pairs of acid/base variables, generating 6 additional
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variables in the model. The acid-base reaction rates were applied to the differential
equations of the 6 pairs of acid/base variables as shown in Eq. (5).
𝜌𝜌𝐴𝐴,𝑖𝑖 = 𝑘𝑘𝐴𝐴|𝐵𝐵,𝑖𝑖 (𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙,𝐻𝐻 𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙,𝑖𝑖 − 𝐾𝐾𝑎𝑎,𝑖𝑖 𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙,𝐻𝐻𝐻𝐻 )

(5)

To better describe the acid-base reactions and their effects on other processes, more
inorganic components and acid/base equilibria are incorporated into the original ADM1
model as shown in Table 5.5. First, the inorganic carbon components in liquid phase
include dissolved carbon dioxide (CO2), bicarbonate (HCO3-) and carbonate (CO32-) for
considering the carbonate precipitation process together with the equilibrium among the
three inorganic carbon components (CO2/HCO3-/CO32-). Second, phosphate (PO43-),
hydrogen phosphate (HPO42), dihydrogen phosphate (H2PO4-) and phosphoric acid
(H3PO4) are introduced in the model as inorganic phosphorus components for considering
the phosphate precipitation together with the equilibrium among the four inorganic
phosphorus components (PO43-/HPO42-/H2PO4-/H3PO4). Furthermore, the charge balance
equation is used to calculate the concentration of H+ (𝑆𝑆𝐻𝐻 ) so as to keep track of the pH

value. As shown in Eq. (6), the total concentration of cationic ions is always equal to the
total concentration of anionic ions. 𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 and 𝑆𝑆𝐴𝐴𝐴𝐴 represent the inert cationic and anionic
ions respectively with no changing rate terms in the model. The concentration of OH- (𝑆𝑆𝑂𝑂𝑂𝑂 )

is always equal to 10−14 divided by 𝑆𝑆𝐻𝐻 based on the acid/base equilibrium of water.

𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑆𝑆𝑁𝑁𝑁𝑁4 + 2𝑆𝑆𝑀𝑀𝑀𝑀 + 2𝑆𝑆𝐶𝐶𝐶𝐶 + 𝑆𝑆𝐻𝐻 − 𝑆𝑆𝐴𝐴𝐴𝐴 − 𝑆𝑆𝑣𝑣𝑣𝑣 /208 − 𝑆𝑆𝑏𝑏𝑏𝑏 /160 − 𝑆𝑆𝑝𝑝𝑝𝑝𝑝𝑝 /112 − 𝑆𝑆𝑎𝑎𝑎𝑎 /
64 − 𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻3 − 2𝑆𝑆𝐶𝐶𝐶𝐶3 − 3𝑆𝑆𝑃𝑃𝑃𝑃4 − 2𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻4 − 𝑆𝑆𝐻𝐻2𝑃𝑃𝑃𝑃4 − 𝑆𝑆𝑂𝑂𝑂𝑂 = 0
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(6)

5.2.2.3 Liquid-solid processes
Solids precipitation processes are major liquid-solid processes that were not included in
the original ADM1. The presence of the precipitates could affect other physico-chemical
processes and even the bio-chemical processes. To improve the model's ability to describe
the non-biologically mediated processes during anaerobic digestion, Eq. (7) is introduced
in the original ADM1 to describe the formation rate of precipitates.
𝑑𝑑

′
′
𝑀𝑀 𝐴𝐴 = 𝑘𝑘𝑟𝑟,𝑀𝑀
�([𝑀𝑀𝑚𝑚+ ]𝑣𝑣+ [𝐴𝐴𝑎𝑎− ]𝑣𝑣− )1/𝑣𝑣 − 𝐾𝐾𝑠𝑠𝑠𝑠,𝑀𝑀
𝑣𝑣+ 𝐴𝐴𝑣𝑣−
𝑣𝑣+ 𝐴𝐴𝑣𝑣−
𝑑𝑑𝑑𝑑 𝑣𝑣+ 𝑣𝑣−

1/𝑣𝑣 𝑣𝑣

�

(7)

In Eq. (7) [𝑀𝑀𝑚𝑚+ ] and [𝐴𝐴𝑎𝑎− ] are the concentrations of 𝑀𝑀𝑚𝑚+ and 𝐴𝐴𝑎𝑎− ions respectively;

′
′
and 𝐾𝐾𝑠𝑠𝑠𝑠,𝑀𝑀
are the precipitation rate constant and solubility product
𝑘𝑘𝑟𝑟,𝑀𝑀
𝑣𝑣+ 𝐴𝐴𝑣𝑣−
𝑣𝑣+ 𝐴𝐴𝑣𝑣−

respectively. 𝑣𝑣 + and 𝑣𝑣 − are the total number of cationic and anionic species respectively

with 𝑚𝑚𝑣𝑣 + = 𝑎𝑎𝑣𝑣 − and 𝑣𝑣 = 𝑣𝑣 + + 𝑣𝑣 − . The precipitation processes are irreversible in the
model so Eq. (7) will have valid value only if the value of [𝑀𝑀𝑚𝑚+ ]𝑣𝑣+ [𝐴𝐴𝑎𝑎− ]𝑣𝑣− is larger than
′
𝐾𝐾𝑠𝑠𝑠𝑠,𝑀𝑀
. In this study, calcium ions (Ca2+) and magnesium ions (Mg2+) are considered
𝑣𝑣+ 𝐴𝐴𝑣𝑣−

as two types of 𝑀𝑀𝑚𝑚+ ions that will cause 5 major types of precipitates based on the
reactions shown in Table 5.6. Not like the common methods of modeling precipitation

which usually use simple rate equations based on the pseudo-equilibrium with first order
rate coefficients, the form of Eq. (7) is based on the fundamental relationship used for
crystallization process (Koutsoukos et al., 1980), which can better describe the mechanisms
of solids precipitation
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5.3 Results and Discussion
5.3.1 Model validation
In order to testify the accuracy and the predictive ability of the physico-chemical
framework of the modified model, the model outputs were compared with experimental
data measured at 25°C in the work of Musvoto et al. (2000a). As can be seen in Figure 5.1
and Figure 5.2, the model results accurately predict the changing trends of inorganic
components and pH value in the batch reactor, and exhibit good agreement with the
experimental results. The comparison demonstrates that the model is able to accurate
predict the changes of physico-chemical processes involved inorganic components. Such
ability enables the further application of the model for investigating the effects of the
inorganic components on the entire anaerobic digestion process.
5.3.2 Effects of inorganic components on anaerobic digestion
In this section, the validated model was used to investigate the effects of dissolved Ca2+,
Mg2+, inorganic phosphorus (Pi) and inorganic nitrogen (Ni) on anaerobic digestion in
batch reactor. Compared with the original ADM1, dissolved Ca2+, Mg2+ and Pi were new
components and Ni had different rate equations. The temperature was still set at 25°C so
that it would not influence the precipitation rates of metal ions.
First the impacts of dissolved Ca2+ and Mg2+ on anaerobic digestion were examined by
removing one or both of their initial concentrations. As shown in Figure 5.3a-b, the
presence of Ca2+ and Mg2+ in liquid phase not only affects the formation rate of precipitates,
but also the release rate of gases, especially ammonia (NH3) gas, indicating that the liquid157

gas processes could be affected by the liquid-solid processes during anaerobic digestion.
To better understand how Ca2+ and Mg2+ impact biogas release and precipitates generation
during anaerobic digestion, different initial ratios of Ca2+ to Mg2+ were tested with a fixed
total concentration in the model. As can be seen in Figure 5.3c, higher initial ratio of Ca2+
to Mg2+ result in slower production rate of ammonia gas. In addition, the generation process
of each type of precipitate also changes significantly as the initial ratio of Ca2+ to Mg2+
decreases. As shown in Figure 5.3d, at the 2:1 initial ratio of Ca2+ to Mg2+, only two types
of precipitate, struvite (MgNH4PO4) and Ca3(PO4)2, are generated, but when the initial ratio
decreases to 1:2, CaCO3 will be generated as another type of Ca2+ precipitate with
Ca3(PO4)2 and MgNH4PO4 together. The simulation results in Figure 5.3d reveals that
substituting Mg2+ for Ca2+ may increase the formation rate of CaCO3 in the presence of
PO43- although the precipitation rate of Ca3(PO4)2 is much faster than CaCO3.
Then the effect of dissolved Pi was examined by changing its initial concentration.
Dissolved Pi was composed of 4 components in the new model, which were phosphate
(PO43-), hydrogen phosphate (HPO42-), dihydrogen phosphate (H2PO4-) and phosphoric
acid (H3PO4). Among these 4 components, PO43- and HPO42- were involved in both liquidliquid and liquid-solid processes of anaerobic digestion while others were only involved in
the liquid-liquid processes. However, as shown in Figure 5.3a-c, the finial yields of
methane (CH4), carbon dioxide (CO2) and ammonia (NH3) in gas phase can also be
influenced by the initial concentration of dissolved Pi, indicating that the presence of Pi in
liquid phase has a noticeable effect on liquid-gas processes of anaerobic digestion.
Furthermore, as shown in Figure 5.4d, the total concentration of acetate and acetic acid
(Sac+SHac) will have different changing trends as the initial concentration of Pi changes in
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liquid phase, indicating that the presence of Pi in liquid phase may affect bio-chemical
processes of anaerobic digestion such as the uptake of acetate, the decay of acetate
degraders (Xac) and the generation of CH4 in liquid phase. In addition, as demonstrated in
Figure 5.3a, increasing the initial concentration of Pi will decrease the final yield of CH4
gas. As the initial concentration of Pi becomes higher, less CaCO3 and MgCO3 will form in
solid phase, as shown in Figure 5.4f, and more CO32- will remain in solution, which will
increase the concentration of CO2 in liquid phase as well as gas phase and thus affect the
concentration of CH4 in gas phase.
Next the effect of dissolved Ni was examined also by changing its initial concentration.
Dissolved Ni was originally considered in the ADM1 model as NH4+ and NH3 which were
only involved in bio-chemical and liquid-liquid processes. In this study, NH4+ was
considered to be able to form precipitate with Mg2+ (Britton et al., 2005) and NH3 was
considered as a components in both liquid and gas phase. Since dissolved Ni is involved in
all kinds of anaerobic digestion processes in the model, changing the initial concentration
of dissolved Ni will inevitably affect the yields of many components in liquid, gas or solid
phase. As shown in Figure 5.5a, neither increasing nor decreasing the initial concentration
of Ni in liquid phase can increase the yield of CH4 in gas phase, indicating that for CH4 gas
production during anaerobic digestion there may be an optimal initial concentration of
dissolved Ni in the presence of Mg2+, Ca2+ and dissolved Pi. If the initial concentration of
Ni is too high, large amount of NH3 may remain in solution after Mg2+ being precipitated
and result in strong inhibition effect on the production of CH4 in liquid phase. Besides,
high concentration of NH3 in liquid phase may also cause high percentage of NH3 in gas
phase and thus affect the content of CH4 gas. However, as shown in Figure 5.5f, if the
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initial concentration of Ni is too low, no CaCO3 will form in solution. The reason may be
that low initial concentration of Ni leads to low initial pH in solution, which will inhibit the
formation of CaCO3 in solution. So large amount of CO32- will remain in solution after
Ca2+ being precipitated, which will increase the concentration of CO2 in liquid phase as
well as gas phase and affect the content of CH4 gas.
To understand how dissolved Ni and Pi together can impact the yield of CH4 gas during
anaerobic digestion, different initial dissolved Ni to Pi ratios (Ni:Pi) were tested with
different fixed initial concentrations of dissolved Ni and Pi (Ni+Pi) in the model. Several
specific measurement results about the initial Ni:Pi ratio were found in the literature. For
example, in the work of Musvoto et al. (2000b) the initial Ni:Pi ratios in real situations were
from 2.21 to 9.21. So it is believe that the initial Ni:Pi ratio differs case by case and varies
in a very large range in real situations. As shown in Figure 5.6a, increasing the initial Ni:Pi
ratio will have a positive effect on the final yield of CH4 gas. Then the initial concentration
of "Ni+Pi" was set as 10% of the original value. As shown in Figure 5.6b, higher initial
Ni:Pi ratio will also result in higher yield of CH4 gas in the 1st day and after the 3rd day.
However during the 1st and 3rd day, the CH4 gas production rate with lower initial Ni:Pi
ratio becomes a little faster, which results in more CH4 gas during this time period. After
that the initial concentration of "Ni+Pi" was set as 1000% of the original value. As shown
in Figure 5.6c, the effect of initial Ni:Pi ratio will become significantly different compared
to those with lower initial "Ni+Pi" concentrations. As the initial Ni:Pi ratio increases, the
yield of CH4 gas will drop a lot, meaning that in the case of high initial "Ni+Pi"
concentration, high initial Ni:Pi ratio may have negative effect on the yield of CH4 gas.
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These simulations reflect the complex combination effects of dissolved Pi and Ni on the
yield of CH4 gas in the presence of Mg2+ and Ca2+.
5.4 Conclusions
The original ADM1 has been modified by improving its bio-chemical framework and
integrating a more detailed physico-chemical framework. The modified ADM1 was
validated by a set of experimental data and used to investigate the effects of dissolved
calcium and magnesium ions, inorganic phosphorus and nitrogen on anaerobic digestion
in batch reactor. The modifications improved the ADM1's ability to keep track of the biogas
production in gas phase, the pH value in liquid phase and the precipitates in solid phase,
and provided a way of developing a complete anaerobic digestion mathematical model in
future.
Nomenclature
Ai: acid-base reaction index involving i component
Ci: carbon content of component i (kmole/kgCOD)
fproduct,substrate: yield of product on substrate
i: component index
j: process index
Ni: nitrogen content of component i (kmole/kgCOD)
Pi: precipitation process index involving i component
Ssu: suger (monosaccharides) (kgCOD/m3)
Saa: amino acids (kgCOD/m3)
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Sfa: fatty acids (long chain) (kgCOD/m3)
Sva: valerate (kgCOD/m3)
Sbu: butyrate (kgCOD/m3)
Spro: propionate (kgCOD/m3)
Sac: acetate (kgCOD/m3)
SH2: hydrogen gas (dissolved) (kgCOD/m3)
SCH4: methane gas (dissolved) (kgCOD/m3)
SHCO3: bicarbonate (M)
SNH3: ammonia gas (dissolved) (M)
SI: inerts (dissolved) (kgCOD/m3)
SHva: valeric acid (kgCOD/m3)
SHbu: butyric acid (kgCOD/m3)
SHpro: propionic acid (kgCOD/m3)
SHac: acetic acid (kgCOD/m3)
SCO2: carbon dioxide gas (dissolved) (M)
SNH4: ammonium (M)
SCa: calcium ions (M)
SMg: magnesiumions (M)
SH3PO4: phosphoric acid (M)
SH2PO4: dihydrogen phosphate (M)
SHPO4: hydrogen phosphate (M)
SPO4: phosphate (M)
SCO3: carbonate (M)
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Ti: liquid-gas transfer process index involving i component
vi,j: rate coefficients for component i on process j
Xc: composites (kgCOD/m3)
Xch: carbohydrates (kgCOD/m3)
Xpr: proteins (kgCOD/m3)
Xli: lipids (kgCOD/m3)
Xsu: suger degraders (monosaccharides) (kgCOD/m3)
Xaa: amino acids degraders (kgCOD/m3)
Xfa: LCFA degraders (kgCOD/m3)
Xc4: valerate and butyrate degraders (kgCOD/m3)
Xpro: propionate degraders (kgCOD/m3)
Xac: acetate degraders (kgCOD/m3)
XH2: hydrogen degraders (kgCOD/m3)
XI: inerts (particulate) (kgCOD/m3)
Ysubstrate: yield of biomass on substrate
ρj: kinetic rate of process j
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Process

Disintegration
Hydrolysis
Carbohydrates
Hydrolysis of
3
Proteins
Hydrolysis of
4
Lipids
Uptake of
5
Sugars
Uptake of
6
Amino Acids
7 Uptake of LCFA
Uptake of
8
Valerate
Uptake of
9
Butyrate
Uptake of
10
Propionate
Uptake of
11
Acetate
Uptake of
12
Hydrogen
13 Decay of Xsu
14 Decay of Xaa

10
SHCO3

9
SCH4

v33,18
v10,19

19 Decay of XH2

v33,19

v33,16
v10,18

v33,14

v10,14

v33,17

v33,13

v10,13

v33,15

(-YH2)Nbac

v10,12

(1-YH2)

v10,17

-1

(-Yac)Nbac

v10,11

(1-Yac)

17 Decay of Xpro
18 Decay of Xac

-1

(-Ypro)Nbac
v10,10

(1-Ypro)0.57 (1-Ypro)0.43

-1

(-Yc4)Nbac

(1-Yc4)0.2

(1-Yc4)0.8

v10,16

-1

(-Yc4)Nbac

(1-Yc4)0.54 (1-Yc4)0.31 (1-Yc4)0.15

v10,15

-1

Naa-YaaNbac

(-Ysu)Nbac

33
SNH4

(-Yfa)Nbac

fsl,xc

12
SI

(1-Yfa)0.3

(1-Yfa)0.7

v10,6

8
SH2

(1-Yaa)fva,aa (1-Yaa)fbu,aa (1-Yaa)fpro,aa (1-Yaa)fac,aa (1-Yaa)fH2,aa

Component i
6
7
Spro
Sac

v10,5

5
Sbu

(1-Ysu)fbu,su (1-Ysu)fpro,su (1-Ysu)fac,su (1-Ysu)fH2,su

4
Sva

Decay of Xfa

-1

ffa,li

3
Sfa

Decay of Xc4

-1

1

2
Saa

16

-1

1-ffa,li

1

1
Ssu

15

2

1

j

ρ19

ρ18

ρ17

ρ16

ρ15

ρ14

ρ13

ρ12

ρ11

ρ10

ρ9

ρ8

ρ7

ρ6

ρ5

ρ4

ρ3

ρ2

ρ1

ρj

Rate

Tables
Table 5.1 Matrix representation of the rate coefficients and equations for ADM1 bio-chemical framework part 1: soluble
components
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Disintegration
Hydrolysis
Carbohydrates
Hydrolysis of
Proteins
Hydrolysis of
Lipids
Uptake of Sugars
Uptake of Amino
Acids
Uptake of LCFA

1

1
1
1
1
1

Decay of Xfa

Decay of Xc4

Decay of Xpro

Decay of Xac

Decay of XH2

15

16

17

18

19

1

14

1

-1

13
Xc

Decay of Xaa

8 Uptake of Valerate
Uptake of
9
Butyrate
Uptake of
10
Propionate
11 Uptake of Acetate
Uptake of
12
Hydrogen
Decay of Xsu
13

7

6

5

4

3

2

Process

j

-1

fpr,xc

foh,xc
-1

15
Xpr

14
Xch

-1

fli,xc

16
Xli

-1

Ysu

17
Xsu

-1

Yaa

-1

Yfa

Component i
18
19
Xaa
Xfa
fxl,xc

24
XI

ρ7

ρ6

ρ5

ρ4

ρ3

ρ2

ρ1

ρj

Rate

-1
-1
-1
-1

ρ19

ρ18

ρ17

ρ16

ρ15

ρ14

ρ13

ρ12

ρ11

ρ10

ρ9

YH2

23
XH2

Yc4

Yac

22
Xac

ρ8

Ypro

21
Xpro

Yc4

20
Xc4

Table 5.2 Matrix representation of the rate coefficients and equations for ADM1 bio-chemical framework part 2: particulate
components
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H2 Transfer
CH4 Transfer
NH3 Transfer
CO2 Transfer

T8

T9

T11

T32

-1
-1

9
SCH4

8
SH2

Component i
11

-1

SNH3

32

-1

SCO2

ρT32

ρT11

ρT9

ρT8

ρj
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Propionate Acid-Base

Acetate Acid-Base

A6

A7

A41

A40

A39

A38

A11

A10

Butyrate Acid-Base

A5

CO3 Acid-Base

2-

PO4 Acid-Base

3-

HPO4 Acid-Base

2-

H2PO4 Acid-Base

-

NH4 Acid-Base

+

HCO3 Acid-Base

-

Valerate Acid-Base

Process

A4

j

-1

Sbu

Sva
-1

5

4

-1

Spro

6

-1

Sac

7

1

-1

SHCO3

10

-1

SNH3

11

1

SHva

28

1

SHbu

29

1

SHpro

30

31

1

SHac

Component i

1

SCO2

32

1

SNH4

33

1

SH3PO4

37

1

-1

SH2PO4

38

1

-1

SHPO4

39

-1

SPO4

40

-1

SCO3

41

ρA41

ρA40

ρA39

ρA38

ρA11

ρA10

ρA7

ρA6

ρA5

ρA4

ρj

Rate

Table 5.4 Matrix representation of the rate coefficients and equations for ADM1 physico-chemical framework part 2: liquidliquid processes

Process

j

Table 5.3 Matrix representation of the rate coefficients and equations for ADM1 physico-chemical framework part 1: liquidgas processes
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Ca3(PO4)2 Precipitation

P45

P46

39

-1

SHPO4

Component i

- 2/3

-1

SPO4

40

2−

−

+

𝐻𝐻𝐻𝐻𝐻𝐻 ⇌ 𝐻𝐻 + + 𝑎𝑎𝑎𝑎 −

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 ⇌ 𝐻𝐻 + + 𝑝𝑝𝑝𝑝𝑝𝑝 −

𝐻𝐻𝐻𝐻𝐻𝐻 ⇌ 𝐻𝐻 + + 𝑏𝑏𝑏𝑏−

𝐻𝐻𝐻𝐻𝐻𝐻 ⇌ 𝐻𝐻 + + 𝑣𝑣𝑣𝑣−

𝑁𝑁𝑁𝑁4 +⇌ 𝐻𝐻 + 𝑁𝑁𝑁𝑁3

+

𝐻𝐻𝐶𝐶𝐶𝐶3 − ⇌ 𝐻𝐻 + + 𝐶𝐶𝑂𝑂3 2−

𝐻𝐻2 𝐶𝐶𝐶𝐶3 ⇌ +𝐻𝐻 + + 𝐻𝐻𝐶𝐶𝐶𝐶3 −

𝐻𝐻𝑃𝑃𝑃𝑃4 2− ⇌ 𝐻𝐻 + + 𝑃𝑃𝑃𝑃4 3−

+

𝐻𝐻2 𝑃𝑃𝑃𝑃4 ⇌ 𝐻𝐻 + 𝐻𝐻𝑃𝑃𝑃𝑃4

−

𝐻𝐻3 𝑃𝑃𝑃𝑃4 ⇌ 𝐻𝐻 + + 𝐻𝐻2 𝑃𝑃𝑃𝑃4

Acid-base reactions

3𝐶𝐶𝐶𝐶2+ + 2𝑃𝑃𝑃𝑃4 3− ⇌ 𝐶𝐶𝐶𝐶3 (𝑃𝑃𝑃𝑃4 )2 (𝑠𝑠)

𝑀𝑀𝑀𝑀2+ + 𝐻𝐻𝑃𝑃𝑃𝑃4 2− ⇌ 𝑀𝑀𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃4 (𝑠𝑠)

𝑀𝑀𝑀𝑀2+ + 𝑁𝑁𝑁𝑁4 + + 𝑃𝑃𝑃𝑃4 3− ⇌ 𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁4 𝑃𝑃𝑃𝑃4 (𝑠𝑠)

𝑀𝑀𝑀𝑀2+ + 𝐶𝐶𝐶𝐶3 2− ⇌ 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀3 (𝑠𝑠)

𝐶𝐶𝐶𝐶2+ + 𝐶𝐶𝐶𝐶3 2− ⇌ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶3 (𝑠𝑠)

Precipitation reactions

Table 5.6 Acid-base and precipitation reactions considered in anaerobic digestion

-1

MgHPO4 Precipitation
-1

-1

MgNH4PO3 Precipitation

P44

-1

-1

-1

CaCO3 Precipitation

SMg

MgCO3 Precipitation

SCa

SNH4

36

P43

35

33

P42

Process

j

-1

-1

SCO3

41

ρP46

ρP45

ρP44

ρP43

ρP42

ρj

Rate

Table 5.5 Matrix representation of the rate coefficients and equations for ADM1 physico-chemical framework part 3: liquidsolid processes

Figures

Figure 5.1 Comparison between the predicted (pred.) and measured (meas.) data for calcium and magnesium ions, total
carbonate, phosphate, ammonia/ammonium, pH in liquid phase and model prediction of precipitate generation rates in
solid phase
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Figure 5.2 Comparison between the simulation results and experimental data of finial concentrations of precipitates
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Figure 5.3 Effects of metal ions on biogas production and precipitates generation
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Figure 5.4 Effects of inorganic phosphorus on biogas in gas phase, substrate in liquid phase and precipitates in solid
phase
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Figure 5.5 Effects of inorganic nitrogen on biogas in gas phase, substrate in liquid phase and precipitates in solid phase
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Figure 5.6 Effects of different initial inorganic phosphorus to nitrogen ratios on the production of CH4 in gas phase
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𝜌𝜌𝑇𝑇11 = 𝑘𝑘𝐿𝐿 𝑎𝑎(𝑆𝑆𝑁𝑁𝑁𝑁3 − 𝐾𝐾𝐻𝐻,𝑁𝑁𝑁𝑁3 𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔,𝑁𝑁𝑁𝑁3 )
𝜌𝜌𝑇𝑇32 = 𝑘𝑘𝐿𝐿 𝑎𝑎(𝑆𝑆𝐶𝐶𝐶𝐶2 − 𝐾𝐾𝐻𝐻,𝐶𝐶𝐶𝐶2 𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔,𝐶𝐶𝐶𝐶2 )
′
′
�(𝑆𝑆𝐶𝐶𝐶𝐶 𝑆𝑆𝐶𝐶𝐶𝐶3 )1/2 − 𝐾𝐾𝑠𝑠𝑠𝑠,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
𝜌𝜌𝑃𝑃42 = 𝑘𝑘𝑟𝑟,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
3
3

1/2 2

′
′
�(𝑆𝑆𝑀𝑀𝑀𝑀 𝑆𝑆𝐶𝐶𝐶𝐶3 )1/2 − 𝐾𝐾𝑠𝑠𝑠𝑠,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀
𝜌𝜌𝑃𝑃43 = 𝑘𝑘𝑟𝑟,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀
3
3

�

1/2 2

�

′
′
𝜌𝜌𝑃𝑃44 = 𝑘𝑘𝑟𝑟,𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁
�(𝑆𝑆𝑀𝑀𝑀𝑀 𝑆𝑆𝑁𝑁𝑁𝑁4 𝑆𝑆𝑃𝑃𝑃𝑃4 )1/3 − 𝐾𝐾𝑠𝑠𝑠𝑠,𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁
4 𝑃𝑃𝑃𝑃4
4 𝑃𝑃𝑃𝑃4
′
′
𝜌𝜌𝑃𝑃45 = 𝑘𝑘𝑟𝑟,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀
�(𝑆𝑆𝑀𝑀𝑀𝑀 𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻4 )1/2 − 𝐾𝐾𝑠𝑠𝑠𝑠,𝑀𝑀𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃
4
4

1/2 2

′
′
�𝑆𝑆𝐶𝐶𝐶𝐶 3/5 𝑆𝑆𝑃𝑃𝑃𝑃4 2/5 − 𝐾𝐾𝑠𝑠𝑠𝑠,𝐶𝐶𝐶𝐶
𝜌𝜌𝑃𝑃46 = 𝑘𝑘𝑟𝑟,𝐶𝐶𝐶𝐶
3 (𝑃𝑃𝑃𝑃4 )2
3 (𝑃𝑃𝑃𝑃4 )2
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𝑣𝑣10,5 = −

�

𝑖𝑖=1~9,13~24
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𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,5

1/3 3

�

1/5 2

�

�

𝑣𝑣10,6 = −
𝑣𝑣10,10 = −
𝑣𝑣10,11 = −
𝑣𝑣10,12 = −

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,6

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,10

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,11

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,12

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,13

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,14

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,15

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,16

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,17

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,18

�

𝐶𝐶𝑖𝑖 𝑣𝑣𝑖𝑖,19

𝑖𝑖=1~9,13~24

𝑖𝑖=1~9,13~24

𝑖𝑖=1~9,13~24

𝑖𝑖=1~9,13~24

𝑣𝑣10,13 = −
𝑣𝑣10,14 = −
𝑣𝑣10,15 = −
𝑣𝑣10,16 = −
𝑣𝑣10,17 = −
𝑣𝑣10,18 = −
𝑣𝑣10,19 = −

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23
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𝑣𝑣33,13 = −
𝑣𝑣33,14 = −
𝑣𝑣33,15 = −
𝑣𝑣33,16 = −
𝑣𝑣33,17 = −
𝑣𝑣33,18 = −
𝑣𝑣33,19 = −

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,13

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,14

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,15

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,16

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,17

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,18

�

𝑁𝑁𝑖𝑖 𝑣𝑣𝑖𝑖,19

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23

𝑖𝑖=13,17~23
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